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ABSTRACT

CENTRALITY ALGORITHMS FOR WEIGHTED HOMOGENEOUS
MULTILAYER NETWORKS

Ayomide Ayowole-Obi, M.S.

The University of Texas at Arlington, 2025

Supervising Professor: Prof. Sharma Chakravarthy

Applications need to be modeled for analyses. With the availability of many
alternate data Models, choosing one needs to be done carefully by considering the
complexity of data to be modeled and its analyses requirements. Social networks and
other newer applications are primarily relationship-oriented and also have multiple
types of entities and relationships. Although simple and attributed graphs have been
used historically for modeling these applications, recently, multilayer networks (or
MLNs) have been shown to be more effective in preserving the semantics of the
application better and further provide flexibility of analyses. However, choice of
MLN as a data model poses additional challenges for analyses as extant simple and
attributed graph algorithms cannot be used directly. A wide range of computations
can be performed on graphs, including traversals, searches, path-finding, to name a
few. Our interest in this thesis is in aggregate analyses on MLNs, such as community,
centrality, substructure etc. For these, new algorithms are being developed for MLNs

to leverage modeling advantages.
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Briefly, MLNs consist of multiple graphs or layers (also called networks), each
capturing a different type of relationship or interaction. MLNs can be categorized
into: Homogeneous MLNs (HoMLNs), where each layer represents a relationship in
the form of intra-layer edges and all layers have the same type of entity; Heterogeneous
MLNs (HeMLNs), where layers represents a different relationship based on entity type
in that layer, and inter-layer edges representing relationships between entity types
from two layers; and Hybrid MLNs (or HyMLNs), which combine both homogeneous
and heterogeneous characteristics. While many algorithms exist for analyzing simple
graphs, weighted or unweighted, to the best of our knowledge, these algorithms are
not available for MLNs and are being developed only recently.

Algorithms for MLNs can be developed in multiple ways. Recently, a decoupling
framework has been proposed and its advantages have been demonstrated. This
framework separates the analyses into two stages: independent analysis of each layer
and composing results from each layer for MLN analysis. Each layer of the HOMLN is
analyzed independently using any layer-specific analysis function, without using the
knowledge of other layers. The partial results from two layers are then composed to
derive the overall results for the HOMLN. This approach is not only efficient, thanks
to the potential for parallelism during the analysis stage, but has also been shown to
be efficient and scalable.

For validating MLN algorithms, typically, layers are aggregated using Boolean
AND or OR operations (suited for unweighted graphs) and existing algorithms are
used. This has been shown to lead to ambiguity in edge interpretation, not preserving
layer characteristics, and information loss in general. The goal of MLN algorithms
is to preserve accuracy avoiding information loss. Weighted graphs pose additional
issues for aggregation as, in addition to Boolean operations, weights can be combined

in multiple ways, such as sum, max, min, or average. Challenges for developing
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decoupling-based MLN algorithms for weighted MLNs are: i) choice of aggregation
method, ii) composition algorithm, iii) tradeoff on information carried over from layer
analysis and used for composition, and iv) intuition-based heuristics for maximizing
accuracy.

This thesis focuses on generalizing decoupling-based algorithms for weighted
MLNSs, specifically HoMLNs and for degree centrality metric. Although algorithms
have been developed for unweighted MLNSs, to the best of our knowledge, these have
not been done for weighted MLNs. As the decoupling-based algorithms use indepen-
dently generated analysis information from layers, accuracy is a primary challenge.
To address this, the thesis proposes a set of heuristics for degree centrality that aim
to maximize accuracy and efficiency while carrying over minimal metric information
from layers. These heuristics are compared against both ground truth and naive
baseline to evaluate their effectiveness. Proposed heuristics demonstrate compara-
ble accuracy to the ground truth while significantly reducing computation time and
outperforming the naive approach in both performance and precision.

To validate the proposed algorithms, synthetically generated HOMLN data sets
of different sizes, distribution, overlap, and weight characteristics are used. In addi-
tion, real-world datasets have been utilized to establish that the heuristics developed
work on real-world data sets equally well. This ensures that the heuristics are tested
across graphs with diverse structures and characteristics. Jaccard similarity for ac-
curacy and execution time are used for performance. Scalability of the algorithms is

established using numerous increasingly large data sets.
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CHAPTER 1
INTRODUCTION

Data with relationships between entities can be represented using different mod-
els, one of which is a graph. Graphs consist of nodes (vertices) representing entities
and edges (links) to indicate how they relate to each other. Weights can also be asso-
ciated with edges and even with nodes. Graphs are useful for representing information
in ways that other models cannot, at least not without additional computation. This
representation is also very easy to visualize and analyze. However, many real-world
applications involve multiple types of relationships between the same entities. Mod-
eling such complexity with simple graphs can lead to information loss or oversimpli-
fication. Multilayer Networks (MLNs) preserve these semantics by representing each
relationship type in a separate layer, enabling richer and more flexible analysis [2].
Centrality analysis provides valuable information on each node with regard to its
place within the graph network. Using centrality metrics within a graph, especially
multilayer networks, becomes more relevant as information continues to grow.

Community detection, cluster analysis, centrality metrics, etc. are some of
the different metrics that are typically used for graph analysis. Characteristics and
attributes of a graph differ from graph to graph, and different vertices might have
different concentrations and distributions of edges between them. Some vertices might
be connected to a large number of nodes, while others may have fewer connections
to other nodes. These connections or edges could have additional value termed edge
weights, which are costs attributed to that connection. They can be used to measure

how important or expensive a particular edge is. For example, connections indicating



the number of friends can be used to determine how influential a person is within
that social group.

Centrality metrics, such as degree, closeness, and betweenness, provide a way
to measure how important or influential a vertex is within the network. Different
algorithms have been proposed to calculate centrality measures. One of those methods
was proposed by Freeman [3] after analyzing and categorizing several published papers
using communication networks. Degree, betweenness, and closeness were defined by
Freeman [3].

Degree centrality shows how important a particular node is, based on the num-
ber of edges it has, within its network. In a weighted network, the importance would
be based not only on the number of connections (or degree), but also on the weight
associated which each node, termed the strength of a node. Using the node’s strength
and degree, degree centrality is used to calculate how strong that node is within the
network. This thesis focuses on undirected weighted graphs. With directed
graphs, out and in degrees are used and are extended to strengths accordingly. We

believe this work can be extended to directed graphs as well.

1.1 Informal Definitions

Informally, Degree centrality (DC) uses the edges of a particular node within
a given network to provide the relative importance of that node [4]. In a weighted net-
work, degree centrality is adapted to account for edge weights, providing the relative
strength of the node by considering both the number of edges and their weights [5].
Degree centrality is a local metric as compared to closeness and betweenness which
are global metrics.

In weighted social networks, the weight on an edge typically represents the in-

tensity, frequency, or duration of interactions between two individuals. For example,
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the weight might indicate the number of years two people have known each other, how
often they communicate, or how many times they’ve interacted. In such graphs, de-
gree centrality can be adapted to consider weights, often referred to as node strength,
which captures the total weight of connections a node has. For instance, in an in-
teraction network, a person’s strength could reflect how frequently or deeply they
interact with others. Sorting individuals by strength in descending order enables the
identification of the top-k most connected or engaged individuals, who may be the
most influential within the network.

The time complexity of calculating the degree centrality on both weighted and
unweighted graphs is O(E) where E is the total number of edges in the graph. This
method is widely used in analyzing huge graphs and being a local metric can be com-
puted in linear time. Computing degree centrality is different for weighted undirected

and weighted directed graphs.

1.2 Multilayer network Types

With the increasing complexity of data being analyzed, Multilayer Networks
(MLNSs) have emerged as a way to represent multiple types of relationships between
the same or different sets of entities. Multilayer networks consist of multiple single
graphs which have a set of edges that connects those single graphs. With multilayer
networks, there is an added flexibility of being able to analyze and process layers
individually thereby reducing the size of the graph being analyzed. Different heuris-
tics may use different amounts of partial information from layers for composition,
as the overall goal is to keep that to a minimum. In this thesis, decoupling-based
algorithms for degree centrality computation in a weighted homogeneous multilayer

network using different heuristics for composition. We primarily use OR aggregation



for verifying correctness and weights are aggregated using some of the alternatives
mentioned earlier (sum, max, min, average).

Multilayer networks can be categorized into three types, homogeneous, hetero-
geneous, and hybrid multilayer networks. In a Homogeneous multilayer network
(HoMLN), all layers have the same type of nodes and their intersection is, typically,
non-empty. This can be used to solve problems where there are different relationships
between the nodes. An example of this is an ant interaction network, where each layer
represents interactions among the same colony of ants on a different day, one of the
real-world MLNs we use for analysis in this thesis. For instance Layer 1 could repre-
sent ant-to-ant interactions on Day 1, while Layer 2 represents interactions on Day
2. The nodes (ants) remain the same across both layers, but the set of edges and
associated weights, such as frequency or duration or interactions, can differ based on
the day.

This allows for an analysis of behavioral changes over time. For example, on
Day 1, ant A might have frequently interacted with ant B and C, but on Day 2,
it may have interacted more with ant D. By analyzing such changes across layers,
researchers can identify shifts in group/colony dynamics, the emergence of influential
individuals, or behavioral consistency in certain ants.

In Heterogeneous multilayer network (HeMLN), each layer contains a
different set of nodes/entities. For example, in a movie recommendation system,
one layer could represent the users, another could represent movies, and a third
layer could represent genres. Intra-layer edges depict relationships within each layer,
such as friendships and connections between the users, similarities between movies
or themes shared between the genres. Inter-layer edges connect the different types
of layers, like a user watching a movie or a movie belonging to a genre. A HeMLNs

contains both intra-layer and inter-layers edges.
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Figure 1.1: An example of Weighted HOMLN Multilayer Network - Ants dataset.

Hybrid multilayer network (HyMLN) is a combination of both Homoge-
neous MLNs and Heterogeneous MLNs. Using the highway example, two layers could
be the highways and non-highway roads in the same state, like Texas, and the other
layer would be the highways in another state, like Oklahoma. In this case, the road
networks in Texas would be considered as an HoMLN and the combination of Texas
and Oklahoma would be HeMLN which provides us with this Hybrid network.

This thesis mainly focuses on weighted HoMLNSs.

Figure|1.1| shows an example of HOMLNs where both layers consist of the same
ants as nodes. In the first layer, ants are connected if they interact during Day 1; in
the second layer, they are connected if they interact during Day 2. Each interaction

has an associated weight, frequency of contact, which is added as an edge attribute.



There are other applications that can be modeled as weighted HoOMLNs. Centrality
metrics are applicable to transportation, Internet, ant relationships, and other MLNs.

Due to lack of algorithms for MLNs, most existing methods reduce multilayer
networks into a simple graph for analysis by aggregating layer graphs using Boolean
OR or AND operations. This is straightforward for unweighted graphs as only pres-
ence or absence of an edge is used for the Boolean operation. While these operations
provide a way to combine edges from multiple layers, they also result in the loss of
meaningful distinctions between relationships. For example, an edge present in only
one layer is treated the same as an edge present in all layers under a Boolean OR,
whereas Boolean AND retains only overlapping edges and discards the rest. In both
cases, the aggregation flattens layer-specific semantics, which can distort the results
of centrality or structural analysis by ignoring the contextual or temporal signifi-
cance embedded in individual layers. Important distinctions, such as differences in
interaction types, time frames, or contextual relationships, are flattened into a sin-
gle representation, which can distort the underlying meaning of the network. This
compromises the accuracy as well as interpretation of any analysis that relies on the
structural or semantic integrity of individual layers.

In homogeneous multilayer networks (HoMLNs), an approach would be to com-
bine all the edges into a single graph through the use of Boolean operations. For
weighted networks, aggregation becomes even more complex. In addition to Boolean
logic, edge weights need to be combined using functions, such as sum, maximum,
minimum, or average, depending on the analysis goals. While this produces a uni-
fied graph for applying centrality measures, it introduces ambiguity in how the edge
weights should be interpreted. Additionally, aggregating all layers into a single graph
increases the computational burden, especially for OR aggregation and eliminates

opportunities for layer-wise parallel analysis. As a result, while such aggregation is
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straightforward, it is often inefficient and leads to potential misrepresentation of the
underlying data.

In this thesis, we explore the decoupling-based approach to analyze the multi-
layer networks. To ensure both accuracy, efficiency, and scalability, this thesis intro-
duces heuristics that intelligently combine centrality results from individual layers,
aiming to approximate the results that would be obtained from analyzing the entire

multilayer network as a whole.

1.3 Problem Statement

Given a weighted or unweighted homogeneous multilayer network (HoMLN),
the objective is to design and implement heuristic-based algorithms for a decoupling-
based framework to identify influential nodes, or hubs, based on centrality measures.
Unlike traditional single-layer analysis, multilayer networks pose unique challenges
due to the presence of multiple layers, each capturing distinct structural information.
Aggregating all layers into a single graph may obscure meaningful intra-layer patterns,
while analyzing layers independently requires a principled strategy for combining
partial results.

This thesis addresses the problem of identifying centrality-based hubs in HoOMLNs
using a decoupling-based approach. Specifically, we focus on degree centrality
(DC) and develop heuristic algorithms that compute centrality within each layer in-
dependently, then merge the partial results using composition functions. The key
challenges include preserving the semantics of individual layers while supporting
meaningful cross-layer comparisons, and defining composition functions that accu-
rately reflect the true importance of nodes across layers. Our proposed approach is
evaluated on both synthetic and real-world datasets using accuracy metrics such as

Jaccard Similarity, Precision, Recall, and F1-score.
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1.4 Thesis Organization

The remainder of this thesis is organized as follows:

Chapter [2|is about related work in degree centrality measures in weighted and
unweighted networks.

Chapter (3| provides more details of the decoupling-based framework for mul-
tilayer networks.

Chapter (4] discusses prior work on multilayer network modeling and analysis,
with a focus on approaches for aggregation, decoupling, and composition strategies.

Chapter [5| provides details on the datasets used in this thesis.

Chapter [6] describes the proposed heuristics for computing degree centrality
in weighted HoMLNs, and presents the evaluation methodology and results.

Chapter [7]includes the conclusion and future work.



CHAPTER 2
RELATED WORK

As applications become more complex, their modeling and analysis demand
expressive frameworks that go beyond traditional simple graphs. Multilayer networks
(MLNs), which model multiple types of relationships across layers, preserve semantic
distinctions while enabling rich structural analysis. This chapter surveys related work
across several dimensions of MLN research, with emphasis on centrality detection in
weighted homogeneous multilayer networks (HoMLNs). We particularly highlight
methods incorporating weight, structure, and algorithmic scalability, and contrast

them with our decoupling-based framework.

2.1 Centrality Measures in Multilayer Networks
2.1.1 Spectral and Energy-Based Methods

Huang et al. [6] proposed an improved gravity-based centrality method that
incorporates Supra-Laplacian energy to capture both local and global structural in-
formation. Their approach models inter-layer connectivity in a multiplex network
using spectral analysis and treats the network holistically via a supra-matrix repre-
sentation. While this aligns with our motivation to account for cross-layer influence
in node importance, our work differs in that we decouple layers entirely, preserving
intra-layer semantics and avoiding global matrix construction. Instead of spectral
energy, we rely on scalable, interpretable heuristics that combine per-layer centrality

using composition functions tailored to weighted HoMLNs.



2.1.2  Classical Centrality Definition for Weighted Networks

In real-world applications, networks frequently contain weighted edges to rep-
resent interaction frequency, tie strength, or cost. Traditional (or unweighted) degree
centrality measures a node’s importance solely based on the number of its direct
connections, without considering the strength of those connections. This limitation
makes it less suitable for contexts where the magnitude of interaction matters just as
much, if not more, than the mere number of connections. Additionally, while degree
centrality is computationally simple and remains well-defined even in disconnected
graphs, it captures only local structure and cannot identify nodes that are globally
influential in sparse or fragmented networks.

To address this limitation, Opsahl et al. |5] proposed a generalized centrality
measure that incorporates both the number of connections (degree) and their total
weight (strength) using a tunable parameter . The weighted degree centrality of

node 7 is defined as

Degree Centrality(i) = k;~* x s (2.1)

Where k; is the degree of a node i, s; is the strength of a node ¢ (i.e., the sum
of weights of all edges incident on i), and o € [0,00) controls the balance between
degree and strength. When o = 0, the metric reduces to classical unweighted degree
centrality, which only considers the number of connections. When o = 1, the metric
becomes node strength, which emphasizes the sum of the weights of the connections.
Values of a between 0 and 1 is typically used. The formula is general and includes
other possibilities by increasing o beyond 1.

This formulation provides a generalization of degree centrality, enabling flexi-

bility in tuning the metric based on whether the quantity or intensity of connections
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is more meaningful in a given context. In this thesis, we only explore a = 1, placing

full emphasis on edge weights to evaluate node importance in weighted networks.

2.1.3 Hybrid Centrality in Weighted Networks

Khansari et al. [7] explored centrality-based immunization strategies in weighted
single-layer networks, introducing hybrid measures like PageRank degree and Radial-
ity degree to identify influential nodes. Their results highlight the benefit of incorpo-
rating both local and global features along with edge weights, an idea that resonates
with our approach. However, while their work focuses on single-layer graphs and
other methods combined with degree centrality, our framework generalizes this idea
to multiple layers, where centrality values are computed independently and combined

structurally, accounting for both degree and weight variations across layers.

2.1.4 Empirical and Aggregated Models

Gu and Wang [§] investigated real-world public transportation systems by mod-
eling metro and bus networks as layers in a weighted multiplex network. They defined
node strength (weighted degree) as the sum of edge weights connected to a node,
where edge weights were derived from empirical measures such as passenger flow and
average travel time. Specifically, the weight w;; of an edge between stations ¢ and
7 was computed using a formula that combined flow and cost components to reflect
real-world accessibility and usage. The weighted degree centrality of node ¢ was then

calculated as

Degree Centrality(i) = Z wW;j, (2.2)
j=1

captures the total ”importance” of a station based on weighted connectivity.
Their analysis showed that node strength scales sub-linearly with city population,

highlighting the influence of multilayer structure and real-world weights on urban
11



transport efficiency. While their work presents a meaningful way to quantify accessi-
bility in domain-specific networks, it aggregates the layers into a unified structure and
applies a fixed centrality definition. In contrast, our work retains per-layer structure
and introduces a flexible, tunable centrality framework that allows different combi-
nations of degree and strength across layers. We focus on algorithmic general appli-
cability, enabling centrality estimation in weighted homogeneous multilayer networks
without reliance on domain-specific metrics or network aggregation.

Zhou et al. |9] introduced a structural analysis of metro-bus networks through a
composite network constructed using the Space L model. They introduced reliability
metrics such as node overlap and participation to study resilience. Their network
is aggregated into a unified topology, where nodes and edges from different modes
are merged for analysis. Our framework avoids such flattening by applying layer-
specific centrality followed by structural aggregation. Although Zhou et al. target
redundancy and robustness in transportation systems, our work generalizes struc-
tural analysis to a broader class of HoMLNs, enabling node importance estimation
through tunable weight-sensitive heuristics. Another study done by Zhou et al. [10]
studied multilayer transportation networks, this time incorporating land use informa-
tion into node ranking. Using a multi-criteria decision framework (TOPSIS-CRITIC),
they combined structural metrics like betweenness with external socioeconomic data.
While their work enhances the interpretability of centrality rankings through domain-
specific attributes, our approach is entirely structural and self-contained. We do not
rely on external features or application-specific weighting; instead, we provide a cen-
trality estimation method that is both generalizable and explainable across weighted

HoMLNSs.
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2.2 Dynamics and Simulation-Based Analyses

Ma and Yuan [11] examined how information and virus propagation are affected
by community heterogeneity in a two-layer network. Their study demonstrates that
intra-community connectivity plays a critical role in determining propagation thresh-
olds. While their results underscore the structural significance of layers in MLNs,
their focus is on dynamic state transitions and simulations over unweighted networks.
Our work, by contrast, addresses static centrality estimation using weighted edges
and structural composition, aiming for scalable analysis rather than behavioral sim-
ulation. Cui et al. [12] modeled diffusion processes in weighted multilayer networks
using a nonlinear adoption model influenced by psychological thresholds. Their simu-
lations reveal how individual behavior and heterogeneous edge weights impact spread
dynamics across layers. Although we also recognize the importance of weights and
interlayer influence, our work does not rely on behavioral models or simulations.
Instead, we compute static, weight-aware centrality scores that quantify structural
importance, independent of dynamic adoption or temporal state change.

Zhang et al. [13] applied MLNs to model metro system vulnerability under ex-
treme rainfall. They modeled stations and lines as separate layers and used Monte
Carlo simulations to estimate performance degradation. Their method captures func-
tional distinctions between layers and supports resilience planning. While this aligns
with our interest in maintaining structural separation across layers, their work focuses
on simulated vulnerability and efficiency loss, whereas our goal is to develop centrality
measures that estimate node importance through static topological and weight-based

features across decoupled layers.
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2.3 Recent Trends in MLN Applications

The reviewed studies showcase the growing interest in MLNs across infrastruc-
ture, social, biological, and economic domains. However, many rely on:
e Layer aggregation into a single graph, often losing semantic separation,
e External, domain-specific metrics (e.g., socioeconomic factors), or
e Simulation-based dynamic processes (e.g., adoption, failure).
In contrast, this thesis introduces a decoupling-based framework that:
1. Preserves the topological and weight-specific properties of each layer,
2. Computes static centrality per layer using scalable heuristics,
3. Integrates results through interpretable composition functions.
This structure-aware, layer-independent design supports generalization across HoOMLNs

without sacrificing analytical clarity or performance.

2.4 Prior Work on Degree Centrality in MLNs

Traditional centrality measures like degree have been extended to MLNs through
naive aggregation methods, such as Boolean OR and AND, which often distort inter-
layer semantics. To address this limitation, Pavel et al. |[14] introduced a heuristic
framework for computing centrality in HoOMLNs using a decoupling-based approach.

The method proposed by [14] defines degree centrality per layer and explores
multiple composition heuristics to estimate a ground truth ranking derived from the
OR-aggregated graph. They analyze the trade-off between computational cost and
approximation accuracy and validate their methods across synthetic and real datasets
using metrics like precision and Jaccard similarity. Their formal observations and

lemmas provide theoretical grounding for heuristic performance.
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This thesis builds upon that foundation by extending the decoupling-based ap-
proach to weighted HoMLNs. We retain the semantic and structural fidelity of each
layer while incorporating edge weights into the centrality computation. Our frame-
work introduces weight-sensitive heuristics and composition functions that balance

strength and connectivity in estimating node importance efficiently.
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CHAPTER 3
MULTILAYER NETWORK ANALYSIS

Multilayer networks (MLNs), also known as multiplex networks, consist of mul-
tiple layers of weighted or unweighted graphs, where each layer captures a distinct
type of interaction among a set of nodes. In homogeneous MLNs (HoMLNs), these
layers are structurally aligned: nodes are consistent across all layers, and edges within
each layer represent a specific relationship (e.g., co-authorship during a particular year
or interactions on different days).

MLNSs provide a powerful data model for capturing complex systems in which
multiple dimensions of interaction must be preserved. Applications of MLNs span a
wide range of domains, including modeling connectivity patterns in the brain, ana-
lyzing transportation networks, and studying dynamic behavior in social systems.

Advantages of modeling using MLNs: The main advantage of using HoMLNs is

their ability to represent multiple views or time slices of a system without conflat-
ing them into a single graph. Unlike single-layer networks that force aggregation,
HoMLNs allow each relationship or interaction type to be analyzed separately while
still capturing their collective behavior. For example, in a co-authorship network,
different layers might represent collaborations in different years; in biological studies,
interactions may be recorded under varying experimental conditions. By preserving
this layer-wise distinction, HOMLNSs retain richer structural and insights [15].

Disadvantages: Analyzing MLNs can pose several challenges. Traditional graph

algorithms, like those for centrality or community, are designed for single-layer net-
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works and cannot be directly applied to multilayer networks. A common workaround
is to aggregate all layers into a simple or attribute graph.

Graph representation: A homogeneous multilayer network (HoMLN) can be rep-

resented using an adjacency matrix or an edge list, where each edge is defined by a
source and destination node ID. For weighted networks, edge weights can be included
as an additional attribute, and layer-specific files can be used to maintain the sepa-

ration between interactions across layers.

3.1 Analyzing Multilayer Networks

Several approaches have been proposed for computing centrality and other net-
work metrics in multilayer networks (MLNs), including homogeneous (HoMLNs),
heterogeneous (HeMLNs), and hybrid (HyMLNs). These approaches vary in how
they process the layered structure of MLNs and the extent to which they preserve
layer-level semantics. Figure[3.I]illustrates three main alternatives explored in the lit-
erature. We describe two of the most commonly used approaches below and elaborate
on the decoupled approach which we use in this thesis.

e Aggregate MLN layers into a simple graph and use pre-existing algorithms: This

approach, as shown in figure [3.1ja) flattens the MLN into a single-layer graph
by aggregating edges from all layers, typically using Boolean operators (e.g.,
AND, OR) and, in addition, combine weights if layers are weighted. The re-
sult is a weighted simple graph for which standard graph algorithms can be
applied. Aggregation strategies such as type-independent [16] and projection-
based [17] methods are commonly used. Though simple, this approach discards
layer-specific semantics and may distort connectivity patterns [14}18].

e Develop new algorithms on the entire MLN to compute desired metrics: Algorithms

like random walk-based methods operate directly over the entire MLN structure,
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preserving semantics and inter-layer interactions. However, they are computa-

tionally intensive and inflexible, requiring recomputation even for partial-layer

analysis [14].

Compared to the above alternatives, the decoupling-based approach (shown in
Figure (b)) offers a promising balance between preserving structure and ensuring

computational efficiency. This topic is discussed in detail in the next section.
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Figure 3.1: (a) Lossy, (b) Decoupling, (¢) Whole MLN approaches |\

3.2 The Decoupling Approach

To address the shortcomings of traditional aggregation in multilayer networks,
the decoupling-based approach was introduced for computing centrality MLNs [2].
Rather than flattening all layers into a single graph, this method analyzes each layer

independently and then composes the results, preserving the structure of the MLN
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as well as the semantics of each layer. The decoupling approach was initially devel-
oped for unweighted MLNs and for ground truth (GT), only Boolean AND and OR
aggregations were considered. This ground truth needed to be extended for weighted
MLNs where, in addition to Boolean operators, the choice of including weights for
aggregation is also important. The alternatives for this are shown earlier [2].

Presence of weights and the alternative choice for aggregation introduces addi-
tional complexity for the composition part of the algorithm as well as the information
to be carried over from each layer for composition. Heuristics need to take into ac-
count both Boolean operator used for Gt and the way in which weights are aggregated.
However, the principles and functions of he decoupling approach are the same: (i)
layer-wise centrality computation and (ii) heuristic-based composition. The figure
below shows the architecture of this approach. Overlap of edges across layers need
special attention as compared to the unweighted MLNs using only Boolean operators.
Hence, another dimension that includes percentage of edge overlaps (all the way from
no-overlap to complete overlap) are consided for weighted MLNs.

Figure |3.2| illustrates the decoupling framework. In the first step, each layer
of the HOMLN is analyzed independently as a separate graph using the designated
analysis function. Since layers in a HOMLN share the same node subset but differ in
edge sets and weights, this approach preserves the semantic integrity of each layer.
The result of this function is a partial result from each layer. In the second step, the
partial results from any two layers are combined using a composition function, which
integrates the outcomes to produce results that reflect the multilayer structure as a
whole.

This decoupling approach is the same as in unweighted approach and the chal-
lenge is to identify (minimal) information to carry over from each layer and developing

heuristics based on intuition for the aggregation method used.
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Figure 3.2: Decoupling approach

Advantages of the Decoupling Approach
Enables parallelism, as layers are processed independently, improving compu-
tational efficiency.
Preserves layer semantics by avoiding information distortion introduced by flat-
tening.
Utilizes existing algorithms, since each layer can be processed using standard

single-layer graph techniques.

Challenges of the Decoupling Approach

High accuracy is harder to achieve compared to results obtained from single-
layer network approaches.

Requires new algorithm for composition using heuristics.
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e Lacks inter-layer awareness, making it challenging to retain potentially relevant

global information for the MLN.

3.3 Related work at ITLab

The decoupling-based framework has been actively explored at the ITLab for a
number of various tasks on multilayer networks, some of which includes community
detection in both homogeneous and heterogeneous multilayer networks (HoMLNs
and HeMLNs) [2,/19-25] as well as substructure discovery in HoOMLNs [26-30]. These
studies have demonstrated the effectiveness of the decoupling approach in enabling

efficient analysis while preserving the structural integrity of individual layers.

3.3.1 Community Detection

A community refers to a group of nodes that are densely connected within a
network. Well-established algorithms such as Louvain and Infomap are commonly
used for community detection. In the context of multilayer networks (MLNs), com-
munity detection methods based on the decoupling approach have been proposed and
have demonstrated effective results.

Community detection in HoMLNs: Using the network decoupling approach, com-

munities are first detected independently in each layer through the analysis function.
For an AND composition, final communities can be derived by intersecting nodes or
edges from the communities identified in each layer, retaining only those that are
consistently grouped across layers. In contrast, an OR composition aggregates com-
munities by taking the union of nodes or edges from all layers, capturing any node

that appears in a community in at least one layer.
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3.3.2  Substructure Discovery

A decoupling-based approach is employed for substructure discovery in Homo-
geneous Multilayer Networks (HoMLNSs), leveraging the Map/Reduce framework to
enable parallel processing across layers. In this method, each layer is processed inde-
pendently to identify substructures of size k, which are then expanded iteratively by
adding one edge at a time. After each expansion step, a composition function is ap-
plied to combine substructures across layers. This process continues until a specified
termination condition is met. The final output consists of substructures discovered

across the entire HOMLN without collapsing the layers [26].
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CHAPTER 4
PRELIMINARIES

Foundational concepts such as centrality measures in classical graph models
serve as a basis for exploring the same algorithms for more complex network structures
including, edge-weighted and unweighted multilayer networks. These advanced struc-
tures enable richer modeling of real-world systems but also introduce new analytical
challenges, particularly in how relationships are aggregated and defined across layers.
Recognizing the limitations of conventional aggregation methods on such complex
networks, the decoupling-based approach is presented as a scalable and interpretable
alternative for analyzing centrality in weighted and unweighted Homogeneous Multi-

layer Networks (HoMLNSs).

4.1 Graph-Based Modeling and Centrality

Graphs are fundamental data structure for representing relationships between
entities. A graph G(V, E) consists of a set of nodes (or vertices) V and a set of
edges E, where each edge connects a pair of nodes in V. Graphs may be directed or
undirected, depending on whether the direction of interaction matters. They can also
be either weighted or unweighted depending on whether the edges carry numerical
values that reflect properties of the relationship, such as frequency, strength, or cost.
In graph-based analysis, a wide variety of tasks can be performed, such as traversal,
path finding, connectivity analysis, and node ranking based on centrality metrics.

One of the analysis performed on graphs — identifying influential nodes — is par-

ticularly useful for understanding the importance of a node and how it can be lever-
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aged for propagating information in a network. This is achieved through centrality
measures, which quantify the various ways in which a node is important based on their
position in the network. The concept of centrality was first introduced by Bavelas [31]
in the study of communication patterns, and later formalized by Freeman [3], who
categorized the most widely used metrics: degree, closeness, and betweenness. De-
gree centrality (DC) measures the number of edges incident on a node; in unweighted
graphs, it corresponds to the size of a node’s immediate neighborhood. Closeness
centrality (CC) is inversely related to the sum of the shortest path distances from
a node to all other reachable nodes, reflecting how quickly a node can reach others.
Betweenness centrality (BC) captures the frequency with which a node lies on the
shortest paths between other node pairs, highlighting its role as a bridge or broker
in the network. Each of these metrics offers a distinct perspective for interpreting

influence, accessibility, and structural importance.

4.2 HoMLNs: Extending the Scope of Graph Models

HoMLNs are well-suited for scenarios where the relationships among a fixed
group of entities vary. For example, temporal social networks, where each layer could
represent interactions between the same individuals on different days, or biological
networks, where the same proteins might interact differently under varying conditions,
with each condition as a layer. The uniformity of nodes across layers makes HoMLNs
a natural choice for analytical methods that aim to isolate or compare behavioral
patterns across different relational settings. Non-temporal snapshots of different in-
teractions among the same people as in Facebook, LinkedIn, and Twitter can also
be meaningfully formulated as HOMLNs. If a strength measure is available (e,g., lik-
ing on a scale in match-making networks) that can also be included and treated as

weighted layers or weighted MLNs.
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4.3 Unweighted to Weighted HoMLNs

Most of the early works on MLNs has focused on unweighted graphs, where

edge presence alone defines relationships. However, real-world data often includes

weights representing interaction strength, frequency, or cost. Although incorporating

weights into MLNs allows for more expressive modeling, it introduces challenges for

developing analysis algorithms.

In weighted MLNSs, it becomes necessary to decide how to interpret or aggregate

edge weights across layers, whether to take the sum, minimum, maximum, average,

or apply layer-specific importance. Centrality measures and other structural analyses

need to be extended to handle the added complexity, particularly in HoMLNs. This

thesis addresses these challenges by focusing on weighted HoMLNs and proposing

scalable, layer-aware heuristics for degree centrality analysis.

Graph Logical Aggregation e .
Type Operation Method Description
. AND Boolean AND Edge exists only if present in all layers
Unweighted OR Boolean OR Edge exists if present in at least one layer
AND Minimum Minimum weight for edggs in all layers
where edge exists
AND Masciim Maximum weight for edgfes in all layers
where edge exists
Weighted AND Sum Sum of the weights of edges present in all
layers
AND Average Average of weights of edges in all layers
OR Minimum Minimum weight for edg(?s in any layer
where edge exists
OR Masciiim Maximum weight for edges in any layer
where edge exists
OR Sum Sum of the weights of edges present in any
layers
OR Average Average of the weights of edges in any layer

Table 4.1: Logical operations and aggregation methods for edge construction in

multilayer networks.
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Table outlines the possible aggregation strategies depending on whether the
multilayer network (MLN) is weighted or unweighted. In this work, we focus on
weighted homogeneous multilayer networks (HoMLNs), where each layer encodes a
distinct yet structurally aligned relationship among a fixed set of nodes. For centrality
computation, we adopt Boolean OR as the logical operation for aggregating inter-
layer connections, as it captures the existence of interaction in at least one layer and
provides a comprehensive representation of the network’s connectivity.

Within this Boolean framework, we explore two aggregation strategies for com-
bining edge weights: sum and max. The sum operator emphasizes cumulative in-
fluence by rewarding repeated interactions across layers, while the max operator
highlights the strongest observed interaction between node pairs. These aggregation
methods are both analytically interpretable and computationally tractable, making
them suitable for estimating node strength and for serving as ground truth against

which decoupling-based centrality heuristics are evaluated in later chapters.
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CHAPTER 5
GENERATION OF WEIGHTED MLN DATASETS

Synthetic and real-world datasets are used in this work to validate the accu-
racy, efficiency, and scalability of algorithms proposed for both degree centrality of
weighted MLNs. They are also used with diverse graph/MLN characteristics (for syn-
thetic datasets) to make sure heuristics-based algorithms perform well across diverse
graph/MLN characteristics. We do not have such control over real-world datasets.
Hence, both real-world and MLNs with diverse graph characteristics are tested to
make sure our proposed algorithms works across varied datasets. Synthetic datasets
were generated from base graphs generated using subgen [32] (from the AI Lab
at Washington State University) and PaRMAT [33] as described in the work by
Pavel [14] and Mukunda [34].

These datasets were extended to add weights randomly in a given range to
generate weighted graphs. These weighted graphs were then converted into layers
by specifying: number of layers, edge split or distribution among layers, and overlap
as a percentage across layers. Note that all layers contain the same set of nodes.
This approach allows fine-grained control over structural properties such as edge
distribution between layers, percentage of edge overlap, and weight ranges. This
makes them suitable for benchmarking under a variety of multilayer configurations.
Real-world datasets were obtained from domain-specific studies, where each layer
represents observations from different time points.

Once the layers are generated or identified (in case of real-world datasets),

ground truth graph need to be generated using the layers, specified Boolean operator,
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and the function for computing the strength of the edge in the ground truth. We have
chosen sum and max function for this thesis. Other possible functions are minimum,
average, and custom combining of weights.

Analysis on the ground truth graph is performed using existing algorithms avail-
able for weighted simple graphs. In contrast, analysis output (and any additional
carryover information appropriate for the heuristics being used) of the layers is com-
bined in the composition function using chosen heuristics for generating the analysis
for MLNs.

We first outline the two methods used for generating synthetic HOMLN datasets
and also describes the real-world datasets used in the evaluation.

Two general strategies were considered for generating synthetic homogeneous
multilayer networks:

e Bottom-up: Combining two existing graphs into a simple graph using a Boolean
operator (AND or OR) and a weight function (one of sum, minimum, maximum,
average. )

e Top-down: Start from a single graph and partition it into layers as needed. This

method was used to generate all synthetic datasets in this work.

5.1 Synthetic Dataset Generation Using Top-down

The reason for this choice is that it affords much better control in the generation
of layers with diverse characteristics. For our purpose, a number of layer characteris-
tics are important to make sure that the heuristics developed for composition works
well across layer graph characteristics. Subgen [32] is used to generate the base graph
from which layers are generated. Parameters used for layer generation include: edge

distribution (e.g., 90-10, 70-30, and 50-50), weight range (e.g., randomly chosen in
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the interval [1, 10]), and edge overlap across layers (e.g., 0%, 25%, 50% 75%, and

100%) to make sure a wide range of MLN characteristics are tested.

Our layer generation starts with a single unweighted base graph and generates a

k-layer HOMLN by the distributing the edges across layers using parameters indicated

above and given in a configuration file. The following are user defined parameters

that control the generation of an MLN from the base graph:

Number of layers: Specifies how many layers the base graph is to be split into.

For this work, we have used two.

Edge Distribution: Determines the percentage of total edges allocated to each

layer (e.g., 50-50, 70-30, 90-10). This is to simulate different graph densities
among layers and explore their impact on the performance of the heuristic.

Aggregation Method: Specifies the function to be used when computing the

ground truth from the two layers (e.g. sum, max, min, average). This ensures
consistency in the weights when the layers are later recombined.

Weight Range: Specifies the minimum and maximum edge weights to assign

during generation. For weighted graphs, edge weights are randomly chosen
from the specified range (min, max). In this thesis, we use the range (1,10).
For unweighted graphs, all edge weights are set to 1 by default.

Random seed: A random seed is used to ensures reproducibility of MLNs from

the base graph.

It is important to understand that once the layers are generated from the base

graph, we still need to generate the aggregated/flattened ground truth graph after

the generation of layers as the initial base graph does not have any weights. For

this work, each generated HoMLN consists of two layers with shared node sets but

different edge distributions and weights. These layers are then aggregated using the
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selected aggregate function (e.g., sum, max, or min) and the Boolean operator (OR

in our case) for conflating layer graph to generate ground truth graph for evaluation.

5.1.1

Characteristics of synthetic datasets used

The datasets were generated from larger unweighted base graphs using the top-

down approach. For each base graph, the total edge set is split into two layers using

different edge distribution configurations (90-10,70-30, and 50-50), with edge overlap
percentages of 0%, 25%, 50%, and 75% being applied. In tables 5.3}

The dataset column indicates the dataset name.

Edges (/1) and Edges (l3) specify the number of edges in layer 1 and layer 2,
respectively.

Max Deg gives maximum node degrees across both layers. The minimum
degree for all nodes shown in the datasets are 0.

Min Wt and Max Wt indicate the range of edge weights assigned randomly
within the specified interval.

% Overlap represents the percentage of edges shared across both layers.

% Disjoint indicates the percentage of edges that are unique to each layer.
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Dataset Nodes Edges | Edges | Max Min | Max | % % Dis-
(L) (l2) Deg Wt | Wt | Over- | joint
lap
25KV100KE | 25000 90039 9961 408 1 10 0.0 100.0
92398 32561 428 1 10 24.959 75.041
94898 55102 439 1 10 50.0 50.0
97444 77387 456 1 10 74.831 25.169
10KV200KE | 10000 180105 19895 1004 1 10 0.0 100.0
184866 65006 1050 1 10 24.936 75.064
189945 110009 1083 1 10 49.977 50.023
194912 154886 1114 1 10 74.899 25.101
100KV1IME 100000 1370037 | 151817 35892 1 10 0.0 100.0
1407562 | 494715 37019 1 10 24.997 75.003
1445557 | 837224 37873 1 10 50.0 50.0
1483822 | 1179423 | 38995 1 10 75.0 25.0
325KV1ME 325557 1577761 | 175005 9717 1 10 0.0 100.0
1620942 | 570016 | 9953 1 10 25.0 75.0
1664967 | 963981 10226 1 10 49.989 50.011
1708864 | 1358261 | 10494 1 10 74.988 25.012
862KV10ME | 862664 9039100 | 1004825 | 58006 1 10 0.0 100.0
9290897 | 3262680 | 59643 1 10 24.987 75.013
9540868 | 5524794 | 61252 1 10 49.998 50.002
9792402 | 7784467 | 62824 1 10 75.0 25.0
1IMVS8ME 1382908 | 7618756 | 846557 10090 1 10 0.0 100.0
7829858 | 2750582 | 10394 1 10 24.986 75.014
8040864 | 4655471 | 10644 1 10 49.981 50.019
8253255 | 6561043 | 10920 1 10 75.0 25.0

Table 5.1: Characteristics of Synthetic Graphs for a 90-10 Distribution Split
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Dataset Nodes Edges | Edges | Max Min | Max | % % Dis-
(L) (l2) Deg Wt | Wt | Over- | joint
lap
25KV100KE | 25000 70224 29776 312 1 10 0 100
77489 47470 365 1 10 24.959 75.041
84848 65152 401 1 10 50 50
92528 82303 436 1 10 74.831 25.169
10KV200KE | 10000 140379 59621 776 1 10 0 100
154815 95057 895 1 10 24.936 75.064
169785 130169 | 995 1 10 49.977 50.023
184850 164948 1065 1 10 74.899 25.101
100KV1IME 100000 1066208 | 455646 27968 1 10 0 100
1179803 | 722474 31076 1 10 24.997 75.003
1293882 | 988899 33951 1 10 50 50
1408278 | 1254967 | 37078 1 10 75 25
325KV1ME 325557 1227476 | 525290 7590 1 10 0 100
1359139 | 831819 | 8367 1 10 25 75
1489917 | 1139031 | 9212 1 10 49.989 50.011
1621635 | 1445490 | 9949 1 10 74.988 25.012
862KV10ME | 862664 7028451 | 3015474 | 45155 1 10 0 100
7783578 | 4769999 | 49906 1 10 24.987 75.013
8536813 | 6528849 | 54769 1 10 49.998 50.002
9291293 | 8285576 | 59685 1 10 75 25
1IMVS8ME 1382908 | 5923827 | 2541486 | 7857 1 10 0 100
6559199 | 4021241 | 8695 1 10 24.986 75.014
7194477 | 5501858 | 9522 1 10 49.981 50.019
7831080 | 6983218 | 10367 1 10 75 25

Table 5.2: Characteristics of Synthetic Graphs for a 70-30 Distribution Split
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Dataset Nodes Edges | Edges | Max Min | Max | % % Dis-
(L) (l2) Deg Wt | Wt | Over- | joint
lap
25KV100KE | 25000 50068 49932 233 1 10 0 100
62471 62488 293 1 10 24.959 75.041
74815 75185 357 1 10 50 50
87526 87305 410 1 10 74.831 25.169
10KV200KE | 10000 100035 99965 570 1 10 0 100
124885 124987 713 1 10 24.936 75.064
149537 | 150417 | 888 1 10 49.977 50.023
174858 174940 1015 1 10 74.899 25.101
100KV1IME 100000 761644 760210 20021 1 10 0 100
951498 950779 25162 1 10 24.997 75.003
1141111 | 1141670 | 29985 1 10 50 50
1332199 | 1331046 | 35037 1 10 75 25
325KV1ME 325557 876761 876005 5451 1 10 0 100
1096128 | 1094830 | 6794 1 10 25 75
1313920 | 1315028 | 8151 1 10 49.989 50.011
1533929 | 1533196 | 9454 1 10 74.988 25.012
862KV10ME | 862664 5019703 | 5024222 | 32333 1 10 0 100
6276767 | 6276810 | 40361 1 10 24.987 75.013
7530699 | 7534963 | 48390 1 10 49.998 50.002
8789019 | 8787850 | 56503 1 10 75 25
1IMVS8ME 1382908 | 4230583 | 4234730 | 5619 1 10 0 100
5289206 | 5291234 | 7049 1 10 24.986 75.014
6346357 | 6349978 | 8454 1 10 49.981 50.019
7407691 | 7406607 | 9814 1 10 75 25

Table 5.3: Characteristics of Synthetic Graphs for a 50-50 Distribution Split
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5.2  Ground Truth Graph Construction

Once the synthetic HOMLNs are generated, the ground truth network must be
constructed to serve as a reference when evaluating the accuracy and performance
of the proposed heuristics. The ground truth represents an aggregated view of the
multilayer network structure and is computed by applying a Boolean operator along
with weight aggregation.

For example: Given two layers, G, = (V, E,) and G, = (V, E,), where each
layer has the same set of nodes but potentially different edge sets and weights, a
ground truth Ggr = (V, Egr) is created using the following steps:

e Boolean Aggregation: Edges from the two layers are aggregated structurally
using either Boolean OR or Boolean AND:

— Boolean AND Aggregation: Only edges that exist in both layers are
included in the ground truth network. Formally, Egr = E, N £,. This
places emphasis on commonality between layers and might result in sparser
graphs.

— Boolean OR Aggregation: All edges present in either layer are included
in the ground truth. Formally, Fqr = E, U E,. This ensures that no edge
information is lost, which makes it suitable for cases where completeness
is prioritized. This thesis focuses on Boolean OR-aggregation.

e Weight Aggregation: For unweighted graph, there is no additional aggre-
gation of edge weights performed apart from Boolean operator semantics for
edges (presence or absence). However, if the graph edges are weighted, then
for each edge (u,v) € Egr, its weight is computed using one of the following
methods. w, and w, are weights of edges belonging to layer graphs G, and G,
respectively.

— Sum: wer(u,v) = w,(u,v) + wy(u, v)
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— Max: wgr(u,v) = max(w,(u,v), wy(u,v))

— Min: wgr(u,v) = min(w,(u,v), wy(u,v))

wz (u,v)+wy (u,v)

— Average: wgr(u,v) = 5

If an edge exists in only one layer, (under Boolean OR), its weight from that

layer is retained directly in Ggr.

In our implementation, Boolean operation and weight aggregation are per-
formed together to generate the final ground truth graph Ggr, which captures both

the structural and weighted properties of the two-layer HoMLN.

5.3 Real-world Datasets

To complement the synthetic datasets, real-world homogeneous multilayer net-
work (HoMLNs) have ben used to validate the effectiveness of the proposed heuristics
for computing weighted degree centrality. These datasets capture real interactions
from two different domains and provide layered views of the same set of entities over
time.

e Co-Authorship Network: This dataset is derived from the Open Graph
Benchmark’s ogbl-collab dataset [35]. This network represents a subset of col-
laborations between authors (Co-authorship) which was indexed by Microsoft
Academic Graph (MAG). Each node represents an author, and an edge be-
tween two authors indicates a co-authored paper. Each edge is timestamped by
year and weighted according to the number of joint publications for a partic-
ular year. For this thesis, two layers of this dataset were extracted to form a
two-layer HoOMLN:

— Layer 1: Co-authorship’s from the year 2004

— Layer 2: Co-authorship’s from the year 2005
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The nodes remain consistent across both layers, while the edge sets and weights
differ depending on the collaboration activity for each year. The edge weights
were retained as-is from the dataset to reflect the intensity of the interaction.

Table [5.4] shows the characteristics of the each layer for the Co-Authorship

networks
Property Co-authorship 2004 Co-authorship 2005
Number of Nodes 235,868 235,868
Number of Edges 32,880 42,257
Network Density 1.18 x 107° 1.52 x 107°
Number of Connected Compo- | 222,422 219,924
nents
Minimum node degree 0 0
Maximum node degree 47 56
Minimum edge weight 1 1
Maximum edge weight 7 7
Percentage of overlapping edges | 6.58% 6.58%
Percentage of disjoint edges 93.42% 93.42%

Table 5.4: Structural properties of the Co-Authorship dataset across two layers

(2004 and 2005)

e Ant Interaction Network: This dataset is drawn from a curated reposi-

tory of animal social networks that compiles over 1,000 networks from diverse
species [36]. One of the networks from this repository captures interactions in
an ant colony over multiple days. Each node represents an individual ant, and
edges reflect observed interactions between the ants. The edges are defined by
spatial proximity, meaning a pair of ants is said to have interacted when the
front end of one ant enters the trapezoidal proximity zone of another ant. For
this thesis, two observations days were selected:
— Layer 1: Interactions observed on Day 1

— Layer 2: Interactions observed on Day 3
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Edge weights indicate the frequency of interactions during the respective day.

Since the colony is the same, the node set remains the same across both layers.

Table [5.5] shows the characteristics of the each layer for the Ant Interaction

networks
Property Ants Day 01 Ants Day 03
Number of nodes 164 164
Number of edges 10,731 10,090
Network density 0.8029 0.7549
Number of connected com- | 1 1
ponents
Minimum node degree 41 20
Maximum node degree 160 158
Minimum edge weight 1 1
Maximum edge weight 229 108
Percentage of overlapping | 74.92% 74.92%
edges
Percentage of disjoint edges | 25.07% 25.07%

Table 5.5: Structural properties of the Ants interaction dataset across two layers

(Days 1 and 3)
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CHAPTER 6
COMPUTING DEGREE CENTRALITY FOR WEIGHTED-HoMLNs

In weighted graphs, degree centrality is commonly extended to not only account
for the number of edges incident on a node but also for the strength of those con-
nections. This is particularly important in real-world networks, where edge weights
represent interaction intensity, frequency, or cost. However, when such graphs are
extended into HOMLNs, computing degree centrality becomes significantly more com-
plex.

Existing work on degree centrality in multilayer networks has largely focused
on unweighted graphs, using techniques such as Boolean aggregation (e.g., OR or
AND operations) or heuristic-based composition. As discussed in Chapter 2, Opsahl
et al. [5] proposed a generalized degree centrality measure that incorporates both the
degree and the strength of a node using a tunable parameter «. In this thesis, as we
want to place full emphasis on edge weights and node strengths, so we set o = 1 for
the formula shown in 2.1 which reduces to formula shown in [6.1, where s; is the sum

of the weights of the edges incident at node .

Ground Truth for Weighted Degree Centrality: To evaluate the accuracy and

efficiency of the proposed heuristics, the ground truth must be established. In this
thesis, for weighted-degree centrality, the ground truth is constructed using Boolean-
OR aggregation of all layers, meaning that an edge is included in the aggregated

network if it appears in at least one of the layers. For edges that appear in multiple
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layers, weights are aggregated using one of the following strategies: sum, maximum,
minimum, or average. Among these strategies, this thesis on weighted-degree cen-
trality focuses on sum and maximum aggregation methods:
e Sum aggregation captures cumulative interaction strength across layers.
e Max aggregation preserves the strongest observed interaction between node
pairs.

The aggregation graph produced by Boolean-OR combined with sum or max
weights is then used to compute degree hubs for the GT weighted graph. Nodes with
strengths greater than or equal to the graph average are identified as degree hubs and
are used as the ground truth for evaluating heuristic performance. Jaccard coefficient,
precision, and recall are used for comparing the results with the ground truth.

All heuristics proposed in this thesis are tested on two-layer HoMLNs, although
the methodology can be generalized to more than two layers. For the decoupling
approach, each layer is independently analyzed as outlined earlier in Chapter [3] Each
layer is passed into an analysis function, which computes node strength using weighted
degree centrality. The output includes global statistics, such as maximum and min-
imum strengths, node IDs along with their corresponding strengths, and the total
number of nodes, etc. These outputs from all layers are passed as inputs into the
composition function, which combines information from layers using heuristics to
estimate the hubs for the entire HoMLN.

Heuristic Design and Strategy: For the sum and max aggregation method, we

propose one heuristic each. The goal of these heuristics is to retain minimal infor-
mation from each layer and obtain high accuracy in estimating or computing the
degree hubs of the HOMLN. These heuristics are evaluated based on accuracy and

computation time.
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Naive Accuracy: As a baseline for measuring improvement in accuracy and per-

formance of our heuristics, we define a naive approach for the decoupling-based frame-
work that uses minimal information from each layer. For each layer, we identify the
degree hubs in each individual layer, and take the union (as our aggregation Boolean
operator is OR) of the resulting hub sets as the estimated set of hubs for the HoOMLN.
This method does not utilize any additional information beyond the identified layer
hubs, which is the minimal information, and applies a simple heuristic. Naive degree
hub computation for HoOMLN also involves a minimal amount of computation as part
of the composition function. While this method is computationally inexpensive, the
naive approach is generally not accurate and is unlikely to match the ground truth
results except in pathological cases [14]. Therefore, this method establishes a mini-
mum benchmark for accuracy, which can be used to further evaluate the performance

of the proposed heuristics.

6.1 Weighted Degree Centrality Using Sum Aggregation

As outlined earlier, the decoupling approach separates the computation into
two stages: an analysis function, which operates on individual layers only without
using any other layer or global information, and a composition function, which merges
the partial results from each layer using heuristics. This modularization results in
flexibility of using a subset of layers, efficiency of composition, and scalability due to
reduced layer sizes. It also facilitates the design and fine-tuning of heuristics to use
partial layer-wise information.

Analysis Function: The input to the analysis function is a single layer of the

HoMLN, which includes nodes and weighted edges. The function computes the

strength (weighted degree) of each node in the layer by summing the weights of
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its incident edges. Analysis results, which are degree hubs, and any other layer-only
information, are generated and passed on to the composition stage.

Composition Function: This function receives the outputs of the analysis func-

tion from the two layers, which are denoted as Layer, and Layer,. For each node u,

the estimated strength in the aggregated graph is:
§(u) = sz(u) + s, (u) (6.2)

where s,(u) and s,(u) are the node strength values from Layer, and Layer,,
respectively. The global average strength can be computed using —V-— as the number

of nodes:

§= = (sa(u) + 5y (u)) (6.3)

Any node for which §(u) > 5 is marked as a degree hub.

However, if the layer strength sums are carried over, the above can be computed
by adding them and dividing by the number of nodes, which remains the same for
the GT graph.

To better understand the behavior of the decoupling-based framework on weighted
homogeneous multilayer networks (HoMLNs), consider a small HOMLN with five
nodes V = {a,b,c,d,e}. Figures and 6.2 show two layers (Layer, and Layer,)
and their corresponding ground truth graph, constructed using Boolean-OR for edge
structure and sum aggregation for weights. As introduced earlier, the decoupling
framework separates the analysis of each layer from its eventual composition. Node
strengths for each layer and the ground truth are shown in Table
Lemma 1. A node that is a hub in only one layer of a weighted homogeneous mul-
tilayer network (HoMLN) may not remain a hub in the ground truth network con-

structed using Boolean-OR aggregation with sum aggregation.
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Layer, Layer,

Figure 6.1: Layer-wise weighted edges in the multilayer network.

Figure 6.2: Ground truth network (Ggr) using Boolean-OR and sum aggregation.

Proof. Consider the two-layer HOMLN shown in Figure [6.1] with the corresponding
ground truth network shown in Figure 6.2l Table lists the strengths of each node
in both individual layers and the aggregated graph.

In Layer,, the average strength is 2.8, and nodes a, b, and d are identified as

hubs (i.e., s(u) > 2.8). In Layer,, nodes b, ¢, and e also exceed this threshold and

Node | Strength in Layer, | Strength in Layer, | Strength in Ground Truth
a 6 0 6
b 4 4 8
c 0 5 5
d 3 2 5
e 1 3 4
average 2.8 2.8 5.6

Table 6.1: Node strengths in Layer,, Layer,, and the ground truth GT
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are marked as hubs. The naive approach, which takes the union of hubs from both
layers, therefore identifies the full set {a,b,c,d, e} as hubs.

However, when the layers are aggregated using Boolean-OR with sum aggrega-
tion, the ground truth average rises to 5.6, and only nodes a and b qualify as hubs.

While node b is a hub in both layers and remains a hub in the ground truth,
nodes ¢, d, and e, each of which was a hub in only one of the two layers, do not meet
the global average strength threshold and are excluded from the final hub set.

This example shows that being a hub in a single layer is not sufficient to ensure
hub status in the aggregated network. Sum aggregation increases the overall strength
baseline, which can reduce the relative centrality of nodes that are only locally promi-
nent. This also highlights how the naive method can significantly overestimate the

true hub set. O

To ensure correctness, the composition algorithm [I| computes each node’s total
strength across all layers and compares it against the global average to determine hub

status:
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Algorithm 1 Composition algorithm For Weighted Degree Centrality For Sum Ag-

gregation

Input:
o Layer, = {(u,s;(u)) |ueV} Nodes & Strengths from Layer,
o Layer, = {(u,s,(u)) |ue V} Nodes & Strengths from Layer,
o n=|V| Number of nodes

o sum, = ) . Sz(u)

o sum, =y .\ 5,(u)
1: § <4 (sum.x + sum-y)/n
2: Hubs < []
3: for each node u € V do
4: $(u) <= s5(u) + s,(u)

5: if 5(u) > 5 then

6: Hubs.append(u)
7 end if
8: end for

9: return Hubs

This full-node evaluation guarantees accurate computation of ground truth hubs
by evaluating the strength of every node using the sum of its strengths across all
layers. However, this exact approach can be computationally intensive in large-scale
networks. As a baseline for comparison, a naive approach is considered. This naive
method composes the final hub set by simply taking the union of hubs identified
independently from each layer, thereby avoiding global strength computation. While
computationally efficient, it may overlook true hubs that emerge from cumulative

strength contributions distributed across layers.
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Figure 6.3: Accuracy for Sum Aggregation Using All Nodes vs. Naive Approach
(50-50 Distribution)

The following figures compare the accuracy of this naive approach against keep-
ing and using all the nodes and their strengths (”All Nodes”) under the different
edge distribution splits. The Jaccard coefficient is used to assess the accuracy of each
method by comparing its hub set to the ground truth.

Figures through present the accuracy of hub detection across different
datasets and edge distribution splits. The X-axis shows different configurations of
edge overlap (0%, 25%, 50%, 75%) grouped by distribution splits (50-50, 70-30, 90-
10). The Y-axis reports the Jaccard coefficient, which measures similarity between the
estimated and ground truth hub sets. The results demonstrate that using all nodes
in the composition step yields perfect accuracy (Jaccard coefficient of 1.0) across all
distribution splits. In contrast, the accuracy of the naive approach varies considerably
depending on the dataset characteristics.

One key factor influencing the naive accuracy is the extent of the edge overlap.

As overlap increases, the Jaccard coefficient of the naive approach increases across all
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Figure 6.4: Accuracy for Sum Aggregation Using All Nodes vs. Naive Approach
(70-30 Distribution)
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Figure 6.5: Accuracy for Sum Aggregation Using All Nodes vs. Naive Approach
(90-10 Distribution)

46



distribution splits. This is because the higher the overlap, the higher the likelihood
that the same edges appear in both layers. When edges are shared across layers, the
strength contributions they provide are retained in both individual layer computa-
tions. Consequently, the individual hub sets derived from each layer become more
similar to the hub set that would be obtained from aggregating the layers. Since the
naive approach relies on the union of these individual hub sets, its output becomes
increasingly aligned with the ground truth as overlap increases. The redundancy in
overlap reduces the likelihood of missing important nodes while taking the union in
the naive approach, leading to higher overall accuracy.

Another important factor is the edge distribution split across layers. The naive
method performs noticeably worse under unbalanced splits such as 90-10, especially
when the overlap is low. This decline in accuracy is attributed to the sparsity of
one layer, which reduces the chances of correctly identifying hubs based solely on
that layer. When strength is unevenly distributed across layers, many nodes may
fail to exceed the average strength in either layer individually, even if their combined
strength would qualify them as hubs in the aggregated network.

Figure[6.6shows the accuracy of the full-node and naive composition approaches
on real-world datasets. The X-axis shows different composition strategies: All Nodes
and Naive. The Y-axis shows the Jaccard coefficient comparing each result with the
ground truth hub set. Similar to trends observed in the synthetic evaluations, the
full-node strategy achieves perfect agreement with the ground truth (Jaccard score
of 1.0) for both datasets. However, the naive approach exhibits a sharp decline in
accuracy for the Ant Interaction network, achieving a Jaccard score below 0.85. This
decline is likely due to the small size and dense connectivity of the ant network,
where subtle weight differences can significantly impact hub designation. In contrast,

for the co-authorship network, the naive approach performs comparably to the full-
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Accuracy for Real-World Examples
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Figure 6.6: Accuracy for Real-World Datasets: All Nodes vs. Naive Composition

node method. This is likely because the co-authorship graph has a large number of
nodes, and the top hubs tend to appear in both individual layers, making the union
of per-layer hubs sufficient for high accuracy.

Interestingly, while the synthetic dataset IMV8ME also achieves high accuracy
at higher overlaps, its behavior differs from that of the co-authorship network. The co-
authorship layers are inherently correlated, with many influential nodes maintaining
their prominence across years, resulting in strong alignment between per-layer hubs
and the ground truth. In contrast, IMV8ME uses probabilistic edge generation, which
introduces variation in node strengths across layers, particularly at lower overlaps. As
a result, the naive accuracy in IMV8ME starts lower and improves gradually with in-
creased overlap. This contrast highlights that even when the naive approach achieves
high accuracy, the underlying cause varies: in real-world co-authorship networks, it
stems from the temporal consistency of influential nodes, whereas in synthetic graphs,

it results from deliberate structural redundancy due to high edge overlap.
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This contrast also underscores a fundamental limitation of the naive approach:
it fails to capture nodes whose importance arises only when strengths are aggregated
across layers.

This motivates the next observation: nodes that are not hubs in either indi-
vidual layer may still become ground truth hubs due to the additive effects of sum
aggregation.

Lemma 2. A node that is not a hub in one of the layers of a weighted homoge-
neous multilayer network (HoMLN) may become a hub in the ground truth network

constructed using Boolean-OR aggregation with sum aggregation for the weights.

Proof. Consider again the multilayer network in Figures and [6.2] with node
strengths provided in Table [6.1]

Node a has strength 6 in Layer x, but 0 in Layer y, meaning it is not a hub
in Layer y. However, its cumulative strength in the ground truth remains 6, which
exceeds the global average of 5.6, making it a hub in the aggregated network.

This shows that even partial contributions from a single layer can elevate a
node’s aggregated strength above the threshold. Hence, relying solely on layer-local

hub identification risks missing important global hubs in the GT network. O]

The following lemma formalizes this limitation and highlights a fundamental
shortcoming in such heuristics, namely that evaluating only layer-local hubs can over-
look nodes whose combined strength across layers qualifies them as hubs in the ground
truth network.

Lemma 3. Heuristics that evaluate only those nodes identified as hubs in one or more
wmput layers do not guarantee recovery of all true hubs in the ground truth network

constructed using Boolean-OR aggregation with sum aggregation for the weights.
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Layer, Layer,

Figure 6.7: Layer-wise weighted edges in the multilayer network.

Figure 6.8: Ground truth network (Ggr) using Boolean-OR and sum aggregation.

Node | Strength in Layer; | Strength in Layer; | Strength in Ground Truth
A 7 2 9
B 3 6 9
C 4 9 13
D 6 5 11
average 5.0 5.5 10.5

Table 6.2: Node strengths in Layer,, Layers, and the ground truth GT'

Proof. Consider the two-layer HOMLN shown in Figure [6.7, with the corresponding
ground truth network shown in Figure[6.8] Table[6.2]lists the strengths of each node
in both individual layers and in the aggregated graph.

In Layery, the average strength is 5.0, and nodes A and D are identified as
hubs (i.e., s(u) > 5.0). In Layer,, the average strength is 5.5, and nodes B and C' are
identified as hubs. Under the Hubs-Only heuristic, the GT strength for each node is

computed using only the layer(s) in which that node is a hub. For example, if a node
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is a hub in Layer; but not in Layers, its GT estimate is taken solely from Layery,
ignoring its contribution from Layers.
When the layers are aggregated using Boolean-OR with sum aggregation, the

ground truth strengths are:
sar(A) =9, ser(B) =9, sar(C)=13, sgr(D) =11,

With a global average Sgr = 10.5. The resulting GT hub set is {C, D}.

While node C' is correctly identified as a hub by both the heuristic and the
GT computation, node D illustrates the failure of the heuristic: in Layer;, D is a
hub with strength 6; in Layers, D is not a hub and its strength 5 is ignored by the
heuristic. This yields an estimated strength §(D) = 6 < 10.5, causing the heuristic
to exclude D. In reality, D’s combined strength in the GT is 11 > 10.5, making it a
true GT hub.

This example shows that by ignoring contributions from layers where a node
is not locally a hub, the Hubs-Only heuristic can fail to identify all true hubs in the
aggregated network.

]

Consequently, the heuristic cannot guarantee complete recovery of the GT hub
set. To balance efficiency and accuracy, one possible refinement is to expand the
candidate set to include not only the layer-local hubs but also additional high-strength
nodes, such as the top-k nodes by strength in each layer. The parameter k can be
varied to observe how the inclusion of additional nodes affects the completeness of
the recovered hub set. This hybrid strategy, formalized in Algorithm [2| increases the
likelihood of identifying the ground truth hubs without analyzing the entire node set

in the composition step.
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Figures [6.9] through show that using only layer-local hubs in the composi-
tion function yields slightly better results than the naive approach but still falls short
of the accuracy achieved with all-node evaluation. In particular, the Jaccard score
improves over the naive union but does not reach the perfect score obtained through
full composition. As the percentage of overlap between layers increases, the Jaccard
score also improves, indicating that layer similarity influences heuristic accuracy. In
each figure, the X-axis shows edge overlap percentages (0%, 25%, 50%, 75%) grouped
by edge distribution splits (50-50, 70-30, 90-10), while the Y-axis reports the Jaccard
coefficient measuring similarity with the ground truth hub set.

Figure [6.12] presents the accuracy of three composition strategies, using all
nodes, using only layer-local hubs, and the naive approach, applied to real-world
datasets. The all-node strategy achieves perfect accuracy, recovering the exact set
of ground truth hubs. The hubs-only method performs nearly as well in the co-
authorship network but shows reduced accuracy for the Ant Interaction network,
likely due to ground truth hubs not identified as hubs in either individual layer.
The naive strategy, which relies on the union of layer-local hubs without strength
evaluation, consistently underperforms, especially on smaller, denser networks. These
results validate Lemma [3| and motivate the hybrid heuristic of Algorithm [2| which
augments hubs with high-strength non-hub candidates to achieve higher accuracy
while avoiding full all-node evaluation.

These results reinforce the limitations outlined in Lemma |3] where nodes that
are not hubs in individual layers may still qualify as hubs in the aggregated network.
To improve accuracy without incurring the full computational cost of all-node evalu-
ation, we explore extended heuristics that expand the candidate set while retaining

efficiency.
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Figure 6.9: Accuracy for Sum Aggregation Using Hubs-Only Heuristic (50-50
Distribution)
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Figure 6.10: Accuracy for Sum Aggregation Using Hubs-Only Heuristic (70-30
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Figure 6.11: Accuracy for Sum Aggregation Using Hubs-Only Heuristic (90-10
Distribution)
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Figure 6.12: Accuracy on Real-World Datasets for All Nodes, Hubs-Only, and Naive
Strategies

Figures through demonstrate the effectiveness of the Hubs + Top-k
heuristic in recovering the ground truth hubs across varying edge distribution splits

(50-50, 70-30, and 90-10). In each figure, the X-axis indicates edge overlap levels (0%,
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Figure 6.13: Accuracy for Sum Aggregation Using Hubs + Top-k Heuristic (50-50
Distribution)
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Figure 6.14: Accuracy for Sum Aggregation Using Hubs + Top-k Heuristic (70-30
Distribution)
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Algorithm 2 Layer Analysis Function for Weighted HoOMLNS - Hubs + Top-k (ex-

cluding hubs)
Input:

o G=(V,E,w) Layer graph with weighted edges
e k = number of top-ranked non-hub nodes to include

Output: Set of Hubs and Top-k£ non-hub nodes

1: Initialize strength map: s(u) < 0 for all u € V

2: for each edge (u,v) € E do

3: s(u) = s(u) + w(u,v)
4: s(v) < s(v) + w(u,v)
5. end for

6: Compute average strength: 5 < ﬁ Y ey S(u)

7. Hubs < {u € V| s(u) > s}

8: Remaining < V' \ Hubs

9: Sort nodes in Remaining by s(u) in descending order

10: TopK < first k nodes from sorted Remaining

11: return (Hubs, TopK)

25%, 50%, 75%) grouped by edge distribution split, and the Y-axis reports the Jac-
card coefficient. As k increases, the Jaccard score improves steadily, reaching a perfect
score of 1.0 in most cases. This shows that augmenting the layer-local hub set with
even a modest number of high-strength non-hub nodes is often sufficient to recover
the true hubs. Intuitively, nodes with moderate strength in each layer may fail to
exceed the local hub threshold but surpass the global average when their strengths are
aggregated. Including top-ranked non-hubs captures these borderline cases without

requiring full-node evaluation. Higher layer overlap increases the likelihood of cap-
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Figure 6.15: Accuracy for Sum Aggregation Using Hubs + Top-k Heuristic (90-10
Distribution)
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Figure 6.16: Accuracy on Real-World Datasets Using Hubs 4+ Top-k Heuristic

turing such cumulative effects with fewer added nodes, enabling faster convergence
to perfect accuracy. Figure highlights the heuristic’s performance on real-world
datasets. For the co-authorship network, all three strategies, Hubs-Only, Hubs + Top-
25, and Hubs + Top-50, achieve perfect accuracy, indicating that the most influential
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nodes are already captured within the per-layer hubs or lie close in rank. In contrast,
the ant interaction network benefits significantly from the inclusion of top-k£ non-hub
nodes. While Hubs-Only underperforms, Hubs + Top-25 and Hubs + Top-50 show
substantial gains, with the latter approaching perfect Jaccard similarity. This sug-
gests that in smaller, denser graphs, where node influence is more evenly distributed,
additional candidates are necessary to capture cumulative multilayer effects. These
real-world results align with trends observed in synthetic networks: perfect recovery
is often achieved with k=25 when layer overlap is non-zero, whereas datasets with 0%
overlap may require k=50 to match full-node accuracy. This indicates that greater
overlap between layers makes true hubs easier to identify with fewer additional can-
didates. Overall, the Hubs 4+ Top-k approach strikes an effective balance between
the Hubs-Only and full composition methods, achieving near-perfect accuracy with
significantly fewer node evaluations. While Algorithm [2] narrows the candidate set
considerably, the composition step still evaluates every node in this expanded set. In
large-scale networks, especially with large k£ or dense hub sets, this can remain com-
putationally costly. These refinements, from full-node composition to Hubs-Only, to
Hubs + Top-k, form a progression of increasingly efficient heuristics for hub detection
in weighted homogeneous multilayer networks. The next section presents a detailed
runtime evaluation of these approaches, comparing their efficiency across synthetic

datasets with varying sizes and edge distribution characteristics.

6.1.1 Runtime Evaluations for Aggregation Heuristic
Aggregating and analyzing the ground truth requires combining the layers into
a single graph before computing the weighted degree centrality. This process involves

summing the edge weights of overlapping edges across all layers, computing node

58



strengths, and the global average strength in order to identify hubs. This method, as

mentioned earlier, is used as the baseline to compare against the proposed solutions.

Ground Truth vs. All Node Time - 100KV1ME
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Figure 6.17: Ground Truth vs. All-Nodes Runtime for 100KVIME Across Overlaps
and Edge Splits

Figures and compare the runtime of the ground truth (GT) method
against the All Nodes approach for synthetic datasets of different sizes. The X-axis
represents the percentage of edge overlap between the two layers (0%, 25%, 50%,
and 75%), while the Y-axis shows runtime in seconds. Across all configurations,
GT consistently requires substantially more time than All Nodes, on the IMV8ME
dataset, G'T takes roughly 4x longer, while on the smaller 100KV1IME dataset, the gap
is smaller but still significant. This difference stems from GT’s additional aggregation
step, which merges edge sets before analysis, in contrast to All Nodes, which skips

this step and directly computes strengths.
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Ground Truth vs. All Node Time - 1MV8ME
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Figure 6.18: Ground Truth vs. All-Nodes Runtime for IMV8ME Across Overlaps
and Edge Splits

Dataset size has a clear impact: both methods scale up considerably from
100KVIME to IMV8ME. For example, GT aggregation alone increases from under
20 seconds for 100KV1IME to over 120 seconds for IMV8ME. Overlap further amplifies
GT time, at 0% overlap, aggregation is faster because the Boolean-OR. operation is
a simple union, while non-zero overlap requires identifying and merging duplicate
edges, adding computational overhead.

The results in Table[6.7]show that while the real-world datasets are significantly
smaller than the synthetic ones, the aggregation and analysis functions still incur
measurable computational costs. For the co-authorship network, the aggregation
step takes over one second due to the relatively large number of nodes and edges,
whereas the Ant Interaction network requires only a fraction of a second for both
aggregation and analysis. Notably, the analysis time for the co-authorship network is

substantially higher than that of the ant network, despite both undergoing the same
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computation steps. This increase may be attributed to the disconnected nature of
the co-authorship graph, which can introduce overhead in computing node strengths
or centrality, especially when the algorithm must iterate over many disconnected
components. These findings further support the need for scalable heuristics that can
reduce computation time without sacrificing accuracy, particularly when applied to

larger real-world networks.

Dataset Aggregation (s) | Analysis (s)
Co-authorship (2004-2005) 1.2017 2.3016
Ant Colony (Day 1 and 3) 0.0685 0.0067

Table 6.3: Runtime (in seconds) for Sum Ground Truth Computation on
Real-World Datasets

Composition vs. Analysis Time - 100KV1ME
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Figure 6.19: Composition vs. analysis time for the All-Nodes approach on the
100KVIME dataset across overlaps and edge splits
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Composition vs. Analysis Time - 1IMV8ME
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Figure 6.20: Composition vs. analysis time for the All-Nodes approach on the
IMV8ME dataset across overlaps and edge splits

Figures [6.19 and [6.20] break down the All Nodes runtime into analysis and

composition functions. In all cases, composition time remains below 5% of the analysis
time, well under one second for 100KVIME and under two seconds for IMVS8ME;,
making it negligible in comparison to the total computation time. This indicates
that for the All Nodes approach, the analysis function dominates overall runtime,
and any efficiency improvements should focus on reducing analysis time rather than
composition. Notably, composition time is relatively stable across different overlap
percentages and edge distribution splits, with only minor fluctuations. This stability
reflects the lightweight nature of the composition function for the All Nodes method:
it involves a direct strength computation without the costly edge aggregation step
required in GT. However, even though composition time is already small in the All

Nodes baseline, further reductions can be valuable when working with extremely
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large networks. These results motivate the exploration of more efficient heuristics.
Figures and compare composition time for three strategies:
1. All Nodes — evaluates composition for every node in the network.
2. Hub-Only — restricts composition to nodes identified as hubs during layer anal-
ysis.
3. Naive — takes the union of layer-specific hub sets without additional filtering.

The X-axis shows edge overlap grouped by distribution split; the Y-axis repre-
sents composition time in seconds. The naive approach achieves the lowest runtime
across all distributions and overlap levels by operating on a very small candidate
set, but, as shown in the accuracy evaluation, this efficiency comes at the cost of
substantially reduced accuracy, making it unsuitable when high-quality results are
required. The All-Nodes method is the most computationally expensive but guar-
antees maximum accuracy. The hub-only heuristic offers a strong middle ground,
significantly reducing composition time while retaining much of the accuracy, making
it a practical, scalable alternative to exhaustive computation in large-scale multilayer
networks.

Table presents the composition time for the three heuristic strategies eval-
uated on the real-world datasets. As expected, the naive method achieves the lowest
runtime by simply taking the union of hub sets without filtering or additional com-
putation. The hub-based approach offers a favorable balance, significantly reducing
composition time compared to using all nodes, while still maintaining better accuracy
than the naive method. Interestingly, the differences in composition times are more
pronounced in the co-authorship network, where the larger node set amplifies the
computational savings of more selective strategies. For the small and densely con-

nected Ant Interaction network, the runtime differences across heuristics are minimal,
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Figure 6.21: Composition Time Comparison for 1I00KVIME Dataset: Naive, Hub
Nodes, and All Nodes
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Figure 6.22: Composition Time Comparison for IMV8ME Dataset: Naive, Hub
Nodes, and All Nodes

but remain consistent in trend. These results further reinforce the value of pruning
candidate nodes before composition, especially in large or sparse real-world networks.
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Dataset All Nodes | Hub Nodes | Naive
Co-authorship (2004-2005) 0.1547 0.0201 0.0025
Ant Colony (Day 1 and 3) 0.000331 0.000081 0.000007

Table 6.4: Composition Time (in seconds) for Sum Heuristic Strategies on
Real-World Datasets

Analysis Time for 100KV1ME
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Figure 6.23: Analysis Time Comparison for 100KVIME Dataset for 70-30 Split:
Hubs and All Nodes Strategies

Figures and show the runtime performance of the analysis function

for the 100KVIME and 1IMVS8ME datasets, respectively, comparing two strategies:

evaluating all nodes versus evaluating only the nodes identified as hubs in individual

layers. The X-axis indicates edge overlap percentages (0%, 25%, 50%, 75%) under a

fixed 70-30 edge distribution, while the Y-axis represents the total analysis time in

seconds.

Because the analysis function must evaluate all nodes in order to compute

their layer-specific strengths, the runtime differences between the All-Nodes and Hub-

Only strategies are minimal. However, the Hub-Only strategy shows a small but

consistent runtime benefit over the All-Nodes baseline. This gap is more pronounced
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Figure 6.24: Analysis Time Comparison for IMV8ME Dataset for 70-30 Split: Hubs
and All Nodes Strategies

in the larger IMV8ME dataset (Figure , where the analysis time increases from
approximately 26 seconds at 0% overlap to over 35 seconds at 75% overlap. The
All-Nodes approach incurs a similar increase, with slightly higher values throughout.
In the smaller 100KVIME dataset (Figure , analysis time ranges from roughly
4 to 5.1 seconds as overlap increases.

A key trend observed in both graphs is that the analysis time increases steadily
with edge overlap, regardless of which node set is used. This is because higher overlap
between the layers leads to more nodes gaining non-zero strength contributions from
both layers, resulting in a larger active node set during analysis.

Because analysis time inevitably grows with overlap and all nodes must be
processed, opportunities for optimizations at this stage are limited. This further
motivated the need to find strategies to reduce the size of the node set that is carried
forward into the composition function, where filtering can yield significant runtime

savings.
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To address this, we extend the Hubs-Only approach with the Hubs + Top-k
strategy, which augments the hub set with the top-k highest-strength non-hub nodes
for the layer. This method aims to enhance coverage while maintaining a bounded
set of nodes for composition, thereby improving the trade-off between runtime and
accuracy.

Figures[6.25 and present the runtime results for three variants: Hubs only,
Hubs + Top-25, and Hubs + Top-50. As expected, runtime increases slightly with
the size of the augmented node set (k = 25 vs. k = 50), but both remain significantly
more efficient than the All-Nodes approach. The X-axis shows edge overlap grouped
by distribution split. The Y-axis indicates runtime in seconds.

Interestingly, even at £ = 50, the runtime remains lower than the full-node
composition while achieving accuracy nearly identical to the ground truth (as shown
in the accuracy graphs). This highlights that a modest extension of the hub set can

yield considerable gains in effectiveness without incurring high computational costs.
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Figure 6.25: Composition Time Comparison for 100KV1IME Dataset: Hubs + Top-k
Strategies
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Figure 6.26: Composition Time Comparison for IMV8ME Dataset: Hubs + Top-k

Strategies
Dataset Hub Nodes | Hub + Top-25 | Hub + Top-50
Co-authorship (2004-2005) 0.0205 0.0563 0.0789
Ant Colony (Day 1 and 3) 0.00023 0.00024 0.00025

Table 6.5: Composition Time (in seconds) for Hubs 4+ Top-k Strategies on
Real-World Datasets

Table [6.5|shows the runtime performance of the Hubs 4+ Top-k strategies, where
a fixed number of top-ranked non-hub nodes are added to the hub set before com-
position. As expected, adding more non-hub nodes to the candidate set increases
the composition time. For the co-authorship dataset, the inclusion of 25 and 50 top-
ranked non-hubs more than doubles and triples the runtime compared to using only
hubs. However, the runtime remains significantly lower than using all nodes. In the
ant interaction dataset, the runtime differences are much smaller due to the limited

node set, but the overall trend remains. These results indicate that while the Top-k
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strategy introduces some additional overhead, it remains efficient in practice and of-
fers a tunable trade-off between runtime and result quality, particularly when more
context-aware nodes are desired beyond the core hubs.

Overall, the Hubs + Top-k strategy demonstrates a clear advantage in runtime
scalability. It avoids the inefficiencies of evaluating the entire node set while compen-
sating for the accuracy limitations of hub-only methods. As the dataset size increases
(from 100KVIME to IMV8ME), these advantages become even more pronounced,
confirming the utility of the proposed heuristic for large-scale multilayer networks.

The runtime evaluations reveal clear trade-offs between accuracy and efficiency
across various hub detection strategies in weighted homogeneous multilayer networks.
While full-node composition ensures perfect accuracy, it incurs high computational
costs, especially as dataset size and layer complexity increase. Heuristic-based ap-
proaches, such as the naive method or hubs-only composition, reduce runtime sig-
nificantly but at the expense of accuracy. The Hubs 4 Top-k strategy offers an
effective middle ground, achieving near-optimal accuracy with substantially reduced
computation time, even for large networks.

These results collectively demonstrate that scalable and accurate hub detection
is possible without exhaustive computation, provided that the heuristic is carefully
designed and implemented.

In summary, the evaluation of sum aggregation heuristics demonstrates that
carefully pruning the candidate node set can achieve near-perfect hub recovery while
significantly reducing computation time compared to the All-Nodes baseline. Strate-
gies such as Hubs-Only and Hubs augmented with top-ranked nodes strike an effective
balance between accuracy and runtime in the additive sum setting. The next section
turns to the more complex max aggregation method, where edge overlap introduces

additional uncertainty and poses greater challenges for accurate strength estimation.
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6.2 Weighted Degree Centrality Using Max Aggregation

Another aggregation method discussed earlier is the maz aggregation, where
the weight of each edge in the ground truth network is determined by taking the
maximum weight among all corresponding edges across layers. Specifically, if an edge
appears in both layers, only the highest weight is retained in the aggregated network.
This contrasts with sum aggregation, where weights are accumulated regardless of
overlap.

As before, we adopt a decoupling-based framework that separates the compu-
tation into two stages: an analysis function, which processes each individual layer
independently, and a composition function, which estimates the global network prop-
erties by merging the outputs of the analysis function using heuristics.

Analysis Function: The analysis function is applied to a single layer of the

HoMLN and operates solely on the nodes and weighted edges present in that layer.
For each node, it computes its strength by summing the weights of all incident edges.
These per-layer strength values serve as inputs to the composition stage.

Composition Function: Unlike sum aggregation, max aggregation poses unique

challenges when analyzing multilayer networks in a decoupled manner. One of the
central challenges in max aggregation is the uncertainty introduced by edge overlap
across layers. When the same edge appears in multiple layers, the aggregated weight
must be determined by taking the maximum of the edge weights across those layers.
As a result, the final strength of a node depends not only on the magnitude of edge
weights but also on the degree of edge overlap across layers.

However, the decoupling-based framework deliberately avoids accessing inter-
layer edge relationships during analysis. Each layer is processed independently, and

no information is retained about whether specific edges are shared across layers or are
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unique to one layer. Consequently, it is not possible to compute the exact max-based
strength of a node without reconstructing the full aggregated graph.

To address this limitation, we estimate a node’s strength in the ground truth
using upper and lower bounds. The lower bound assumes complete edge overlap: all
of a node’s edges appear in both layers and connect the same neighbors. Under this
conservative assumption, the ground truth strength is estimated as the maximum of
its per-layer strengths:

Siower (1) = max (s, (u), s,(u)) (6.4)

In contrast, the upper bound assumes there is no edge overlap between the
layers, i.e., all edges in one layer are entirely distinct from those in the other. This
assumption yields the most optimistic estimate, treating every edge from both layers

as contributing independently to the node’s total strength:

Supper (1) = 80 (1) + 5y(u) (6.5)

Since the true level of edge overlap is unknown and lies somewhere between
these two extremes, the actual strength of a node in the aggregated graph will fall

within this range:

'§lowe7’(u) S SGT(“) S §upper(u)

In this work, we focus on the upper bound as it provides a conservative
estimate that ensures nodes with potentially high strength are included in the anal-
ysis. While it may overestimate the true strength when overlap exists, this approach
avoids missing important nodes due to underestimation. The use of the upper bound
thereby preserves the benefits of scalability and modularity offered by the decoupling
framework, while still offering a meaningful approximation for max-based strength

estimation.
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While the upper and lower bounds provide practical approximations, it is impor-
tant to recognize that neither can recover the true strength of a node unless edge-level
overlap information is available. This limitation arises directly from the independence
of the per-layer analysis in the decoupling framework. The following lemma formalizes
this inherent restriction on exact strength recovery under max aggregation.

Lemma 4. In a decoupling-based framework with max aggregation, exact reconstruc-
tion of a node’s true strength in the ground truth graph is not guaranteed unless

edge-level overlap across layers is known.

Proof. Let G = {Layer,, Layer,} be a homogeneous multilayer network consisting of
two layers defined over the same node set V. Each layer contains a set of weighted
edges. Let u € V be a node in the network. For each layer:
e £, (u) and E,(u) denote the sets of edges incident to node w in Layer = and
Layer y, respectively.
o w,(u,v) and wy(u,v) represent the weights of the edge (u,v) in Layer z and
Layer y, respectively.
e N(u) denotes the set of neighbors of u in the aggregated graph (i.e., nodes
connected to u in either layer).
In the ground truth network constructed using max aggregation, the weight of

each edge (u,v) is given by:
wer(u, v) = max (wy(u, v), wy(u,v)) (6.6)

Accordingly, the true strength of node u in the ground truth graph is the sum
of the maximum weights across all its neighbors:
ser(u) = Z war(u,v) = Z max (wy(u, v), wy(u,v)) (6.7)
veN (u) vEN (u)

To compute sgr(u) exactly, it is necessary to:
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1. Determine whether each edge (u,v) appears in both layers (i.e., identify over-
lapping edges), and
2. Compare the weights from both layers to select the maximum.

However, in the decoupling-based approach, each layer is analyzed indepen-
dently. The analysis function:

e Computes and stores the total strength of each node per layer (e.g., s,(u) =

2 veBy(u) W2 (U, v)), and

e Does not retain information about which specific edges are present, or whether
they overlap with edges in the other layer.

As a result, the composition function lacks the necessary edge-level data to
evaluate Equation directly. Without this information, any estimation (such as
upper or lower bounds) can only approximate the true strength.

Therefore, exact reconstruction of a node’s strength under max aggregation is

not achievable using the decoupling framework alone. O

Given this limitation, we adopt the upper bound approximation as a practical
and conservative strategy for estimating node strength under max aggregation. By
summing the strength of each node across both layers, we ensure that nodes with
potentially high influence are not excluded due to unknown edge overlap.

The following algorithm outlines the composition step using this upper bound
heuristic. It computes the estimated strength for each node by combining its values
from both layers, determines the global average strength using precomputed totals
from the layer headers, and returns all nodes whose estimated strength exceeds this

global average.
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Algorithm 3 Composition Algorithm for Weighted Degree Centrality Using Max

Aggregation (Upper Bound)

o Layer, = {(u, s,(u)) |ueV} Nodes & Strengths from Layer,
o Layer, = {(u,s,(u)) |ue V} Nodes & Strengths from Layer,
o n=|V| Number of nodes

o sum, =),y Sx(u)

o sumy = > oy 5y (u)
1: Syp ¢ (sum-x + sum._y)/n > Upper bound on GT average under max
2: Hubs < []

3: for each node v € V do

4: $(u) = s5(u) + s,(u) > Upper bound since max{s,, s,} < s, + s,
5: if §(u) > Syp then

6: Hubs.append(u)

7: end if

8: end for

9: return Hubs

To illustrate how max aggregation and its heuristics behave in practice, we
consider the following example based on real ant interaction data collected over two
days.

Consider a two-layer weighted HOMLN, shown in figure where each layer
represents ant interactions on two different days. Each layer is independently analyzed
using the decoupling approach, and the weighted-degree hubs are computed based on

the node strengths within that layer.
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Day 1 (G1) Day 2 (G»)

Figure 6.27: Layer-wise weighted edges in the multilayer network.

Figure 6.28: Ground truth network (G¢gr) using Boolean-OR and Max aggregation.
(Red edges denote overlapping edges that appear in both layers.)

Node | Day 1 (Layer 1) | Day 2 (Layer 2) | Ground Truth (Max) | UB Estimate
A 2 5} ) 7
B 3 6 6 9
C 3 4 7 7
D 9 4 11 13
E ) ) 9 10
Avg 4.4 4.8 7.6 9.2

Table 6.6: Node Strengths in Day 1, Day 2, Max Aggregated Ground Truth, and
Max Heuristic Estimate

Table [6.6| summarizes the node strengths in Day 1 and Day 2, the ground truth
using max aggregation, and the estimated strengths under the upper-bound heuristic.
In Day 1, nodes D and E are identified as hubs, as their strengths exceed the average

of 4.4. In Day 2, nodes A, B, and E are identified as hubs, based on an average of
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4.8. The naive composition, which merges the hubs from both layers, yields the
set {A, B, D, E}.

By contrast, the ground truth computed using max aggregation (Figure
identifies the hub set {D and E}, based on a global strength average of 7.6. The
upper-bound heuristic, which estimates node strength by summing values from
both layers, identifies the same set {D, E} using a slightly higher average of 9.2. This
comparison highlights two key observations: (1) the naive method includes nodes that
do not qualify as hubs in the aggregated network (e.g., A, B), and (2) the upper-
bound heuristic successfully recovers all ground truth hubs, despite operating without
edge-level overlap information. This demonstrates that the heuristic provides a more
precise and scalable alternative to naive hub merging.

To validate these observations more broadly, we evaluate the upper-bound
heuristic using the same set of synthetic and real-world multilayer networks previ-
ously used for sum aggregation. These results examine how well the upper-bound
heuristic approximates the ground truth in practice, and how its performance varies

with network characteristics such as edge distribution, overlap, and size.
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Figure 6.29: Accuracy of Naive and Upper-Bound Heuristic under Max Aggregation
(50-50 Split)
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Figure 6.30: Accuracy of Naive and Upper-Bound Heuristic under Max Aggregation
(70-30 Split)
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Figure 6.31: Accuracy of Naive and Upper-Bound Heuristic under Max Aggregation
(90-10 Split)
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Figure 6.32: Accuracy of Naive and Upper-Bound Heuristic under Max Aggregation
(Real-World)
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Figures[6.29] [6.30], and [6.3T] present the Jaccard accuracy of the naive and upper-

bound heuristic approaches under max aggregation across synthetic datasets with
edge distribution splits of 50-50, 70-30, and 90-10. Each figure includes results for four
levels of edge overlap (0%, 25%, 50%, and 75%) across two datasets: 100KVIME and
1MV8ME. The X-axis shows edge overlap percentages (0%, 25%, 50%, 75%) grouped
by edge distribution split. The Y-axis shows the Jaccard coefficient comparing the
heuristic hub set to the ground truth hub set.

Across all configurations, the upper-bound heuristic consistently outperforms
the naive approach, achieving the highest accuracy and more closely approximating
the ground truth. Its accuracy is perfect or near-perfect at 0% overlap, where its
assumption of disjoint edge sets holds exactly, and only declines slightly as overlap
increases due to overestimation caused by repeated edge contributions.

In contrast, the naive method performs relatively poorly when overlap is mini-
mal, as it merges hubs from each layer without accounting for their actual combined
strength in the aggregated graph. However, its accuracy improves as overlap increases,
since nodes that are identified as hubs in both layers are increasingly likely to also
qualify as hubs in the max-aggregated ground truth. Despite this improvement, the
naive method consistently lags behind the upper-bound heuristic, never matching its
level of accuracy, even at 75% overlap.

These patterns are further confirmed by the real-world datasets, shown in Fig-
ure . In the co-authorship network (2004-2005), both the naive and upper-bound
methods achieve perfect accuracy, likely due to strong semantic alignment and sub-
stantial hub overlap across years. However, in the ant colony interaction dataset,
the naive method performs notably worse than the upper bound, suggesting struc-
tural divergence between the layers. The upper-bound heuristic, by conservatively

aggregating strength across layers, remains more faithful to the true set of hubs. The
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X-axis shows the datasets (Co-authorship and Ant Colony) and heuristic type (Naive
and Upper-Bound). The Y-axis is the Jaccard coefficient comparing the predicted
hubs to the ground truth.

Taken together, these results demonstrate that while edge overlap may partially
mitigate the limitations of the naive approach, the upper-bound heuristic consistently
provides a more accurate and robust estimation of node strength under max aggre-
gation. This advantage holds across synthetic and real-world datasets, making it a

preferable choice for decoupled multilayer network analysis.

6.2.1 Runtime Evaluation for Max Aggregation Heuristics

Aggregating and analyzing the ground truth under max aggregation requires
combining the layers into a single graph by retaining the maximum weight for each
overlapping edge. Once aggregated, node strengths are computed based on the re-
sulting edge set, followed by the calculation of the global average strength to identify
hubs. This full aggregation process serves as the baseline against which the runtimes
of the proposed heuristic approaches are compared.

Figures and compare the runtime of the ground truth (GT) method
under max aggregation with the Max - Upper Bound (Sum of Strengths) approach
for the 100KVIME and 1MVBME datasets. The X-axis shows the percentage of edge
overlap between layers (0%, 25%, 50%, 75%), grouped by edge distribution splits
(50-50, 70-30, 90-10), while the Y-axis reports runtime in seconds.

Across all configurations, GT consistently takes substantially longer than the
Max - Upper Bound (Sum of Strengths) approach. On the 1MVSME dataset, GT is
roughly 4-5x slower, while on the smaller 100KV1ME dataset, the gap is smaller but

still significant. This difference arises from GT’s additional aggregation step, which
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reconciles overlapping edges by selecting maximum weights, in contrast to the Max —
Upper Bound (Sum of Strengths) method that avoids this costly operation.

Dataset size has a strong effect: GT aggregation alone rises from under 20
seconds for 100KVIME to over 120 seconds for 1MVBME. Overlap further amplifies run-
time, at 0% overlap, aggregation is faster because edges can be merged directly via
a union, while non-zero overlap requires identifying and resolving duplicate edges,

adding significant computational overhead.
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Figure 6.33: Ground Truth Runtime for Max Aggregation - 100KV1ME Dataset
Across Distribution Splits and Overlap Percentages
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Figure 6.34: Ground Truth Runtime for Max Aggregation - IMV8ME Dataset
Across Distribution Splits and Overlap Percentages

To complement the synthetic dataset results, Table presents the runtime
breakdown for ground truth computation using max aggregation on two real-world
datasets: the co-authorship network (2004-2005) and the ant colony interaction net-
work (Day 1 and Day 3). Similar to the synthetic datasets, layer aggregation accounts
for a substantial portion of the total runtime, about 34% in the co-authorship dataset.
However, the absolute runtimes are significantly smaller, reflecting the much lower
graph size and sparsity in the real-world networks compared to the synthetic bench-
marks.

In the ant colony dataset, the aggregation step is extremely lightweight (under
0.1 seconds), and the analysis function is nearly negligible. This contrast highlights
how dataset scale and density critically affect the cost of exact ground truth com-
putation under max aggregation, further motivating the need for efficient heuristic

approximations in large-scale settings.
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Dataset Aggregation (s) | Analysis (s)
Co-authorship (2004-2005) 1.1779 2.2863
Ant Colony (Day 1 and 3) 0.0703 0.0063

Table 6.7: Runtime (in seconds) for Max Ground Truth Computation on
Real-World Datasets
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Figure 6.35: Composition vs. analysis time for the Max — Upper Bound (Sum of
Strengths) approach on the 100KVIME dataset across overlaps and edge splits

Figures and break down the runtime of the Max — Upper Bound (Sum
of Strengths) method into its analysis and composition functions for the 100KV1ME and
1MV8ME datasets. In all cases, composition time remains extremely small, consistently
below 2% of the analysis time and well under one second for 100KV1ME and under two
seconds for 1MV8ME.

Composition time is stable across overlap percentages and edge distribution
splits, with only minimal variation. This consistency reflects the lightweight nature
of the composition function for the Max — Upper Bound (Sum of Strengths) method,
which only merges per-layer strength values without performing the expensive edge

aggregation step required in GT. Although already negligible, further reductions in
83



Composition vs. Analysis Time (Max) - 1TMV8ME
3.5

IS
o

N
S

W
@

w
S

@
4]
a 2
~ 25 [} =
g E = Max — Upper Bound (Sum of Strengths) - Analysis
= 2
@
2 2 1.5 < mmm Max - Upper Bound (Sum of Strengths) - Composition
g
15 = Max — Upper Bound (Sum of Strengths) - Composition
1 as % of Analysis
10
0.5
5
0 0

0 25 50 75 0 25 50 75 0 25 50 75

50-50 70-30 90-10
Edge Overlap (%) by Edge Split

Figure 6.36: Composition vs. analysis time for the Max - Upper Bound (Sum of
Strengths) approach on the IMV8ME dataset across overlaps and edge splits

composition time may be useful in extremely large-scale scenarios where even sub-
second operations accumulate.

Figures and report the composition runtime for the naive and upper-
bound heuristics under max aggregation for the 100KVIME and 1MV8ME datasets. The
X-axis reflects different dataset configurations, denoted by edge distribution ratios
(50-50, 70-30, 90-10) and edge overlap percentages (0%, 25%, 50%, 75%). The Y-
axis shows the time in seconds required to execute the composition step. Across
all configurations, the upper-bound heuristic requires noticeably more time than the
naive strategy. This is expected, as the upper-bound method processes all nodes and
performs strength evaluations, while the naive method only combines hubs detected
in individual layers without additional computation.

Despite its higher runtime, the upper-bound heuristic remains computationally
efficient, completing in under 0.7 seconds even for the largest dataset (1MV8ME) across
all edge distributions and overlap settings. This modest increase in runtime is justified
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by the substantial accuracy improvements observed earlier. In contrast, the naive
strategy consistently completes in under 0.03 seconds for all configurations, with its
highest runtime observed in the 100KVIME dataset (90-10 split, 0% overlap), yet still
remaining low.

A comparative analysis across datasets reveals that the composition time, par-
ticularly for the naive approach, is directly influenced by the size of the hub union set.
For example, in the 100KVIME dataset with a 90-10 edge distribution and 0% overlap,
the naive method identified 24,063 and 20,977 hubs from the two layers, resulting
in a large union of 29,024 nodes and incurring the highest runtime for this method.
In contrast, another configuration with similar layer-local hub counts (21,050 and
21,506) but higher overlap produced a smaller union of 24,141 nodes, reducing the
time required for composition. This trend confirms that the runtime is influenced not

only by the number of hubs in each layer but also by their degree of overlap.
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Figure 6.37: Composition Time for Naive and Max Upper-Bound Heuristics -
100KV1ME
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Figure 6.38: Composition Time for Naive and Max Upper-Bound Heuristics -

1MV8ME
Dataset Naive | Max - Upper Bound
Co-authorship (2004-2005) | 0.00296 0.09983
Ant Colony (Day 1 and 3) | 0.000025 0.00027

Table 6.8: Composition Time (in seconds) for Max Heuristic Strategies on
Real-World Datasets

These trends are mirrored in the real-world datasets (Table [6.8). The co-

authorship network, being larger, requires 0.0998 seconds for the upper-bound heuris-
tic and only 0.003 seconds for the naive approach. Similarly, for the smaller ant

colony dataset, the upper-bound composition takes just 0.00027 seconds compared to

0.000025 seconds for the naive variant.

These results reinforce that while the upper-bound method incurs a modest in-

crease in runtime, it remains highly scalable and practical even for large graphs. This
slight computational overhead is justified by the substantial accuracy gains demon-

strated earlier. Moreover, both heuristics are orders of magnitude faster than ground
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truth computation, making them viable for real-time or large-scale multilayer network
analysis.

Taken together, the results from both the sum and max aggregation strate-
gies underscore the effectiveness of the decoupling-based framework in approximating
ground truth centrality measures in multilayer networks. By leveraging layer-local
analysis and lightweight composition heuristics, this approach enables scalable and
accurate identification of influential nodes without requiring full network reconstruc-
tion. While the sum-based method benefits from its additive structure, making ac-
curate strength estimation straightforward, the max-based variant poses additional
challenges due to edge overlap uncertainty. Nevertheless, the proposed upper-bound
heuristic delivers strong performance across both synthetic and real-world datasets,
balancing accuracy and runtime even in large-scale scenarios. These insights highlight
the broader utility of decoupled heuristics for centrality computation in multilayer set-
tings and motivate further exploration of their applicability to additional measures

and tasks.
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CHAPTER 7
CONCLUSIONS AND FUTURE WORK

This thesis presents a decoupling-based framework for efficient and scalable
computation of weighted degree centrality in homogeneous multilayer networks (HoMLNs).
Several heuristics were developed to estimate node strength without requiring full
network aggregation. The most effective of these, based on selective node evalua-
tion strategies such as top-ranked nodes, hubs, and early stopping, were evaluated
extensively on both synthetic and real-world datasets. Under both sum and max ag-
gregation models, the proposed heuristics achieve high accuracy while significantly re-
ducing computation time relative to the baseline ground truth method. In particular,
we show that with increased retention of partial layer-level information, near-perfect
and even perfect accuracy (up to 100%) can be achieved across a range of datasets.
The observed runtime savings are substantial, depending on dataset characteristics,
edge distribution across layers, and inter-layer overlap.

While prior work has applied the decoupling framework to closeness and be-
tweenness centrality in unweighted multilayer networks, extending these techniques
to the weighted setting remains an important direction. Weighted variants intro-
duce additional challenges due to their reliance on shortest path computations, but
adapting the decoupling framework for such measures holds significant promise.

Future work may also explore extending this approach to directed multilayer
networks, which are common in real-world domains such as transportation systems,
biological pathways, and communication infrastructures. Additionally, applying the

decoupling-based framework to other structural metrics, such as eigenvector centrality
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and PageRank, offers promising opportunities for advancing the analysis of multilayer

networks.
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